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Abstract. We derive sharp Moser-Trudinger inequalities on the CR sphere. The first type is in the 
Adams form, for powers of the sublaplacian and for general spectrally defined operators on the space of CR- 
pluriharmonic functions. We will then obtain the sharp Beckner-Onofri inequality for CR-pluriharmonic 
functions on the sphere, and, as a consequence, a sharp logarithmic Hardy-Littlewood-Sobolev inequality 
in the form given by Carlen and Loss. 



Table of contents 

0. Introduction 

- Motivations and history 

- Main results 

- Ideas for related research 

- In memory of Tom Branson 

- Acknowledgments 

1. Intertwining operators on the CR sphere 

- The Heisenberg group, the complex sphere and the Cayley transform 

- Sublaplacians on HP and S 2n+1 

- Spherical and zonal harmonics on the CR sphere 

- Hardy spaces and CR-pluriharmonic functions 

- Sobolev spaces 

- Intertwining and Paneitz-type operators on the CR sphere 

- Conditional intertwinors 

- Intertwining operators on the Heisenberg group 

- Intertwining operators and change of metric 

2. Adams inequalities 

- Adams inequalities on measure spaces. 

- Adams inequalities for convolution operators on the CR sphere 

- Adams inequalities for operators of d—type on Hardy spaces 

- Adams inequalities for powers of sublaplacians and related operators 

3. Beckner-Onofri's inequalities 

4. The logarithmic Hardy-Littlewood-Sobolev inequalities 

5. Appendix 



1 



0. Introduction 



Motivations and history. 

The problem of finding optimal Sobolev inequalities continues to be a source of inspi- 
ration to many analysts. The literature on the subject is vast and rich. Besides its intrinsic 
value, the determination of best constants in Sobolev, or Sobolev type, inequalities has 
almost always revealed or employed deep facts about the geometric structure of the un- 
derlying space. More importantly, such constants were often the crucial elements needed 
to identify extremal geometries, and to solve important problems such as isoperimetric 
inequalities, eigenvalue comparison theorems, curvature prescription equations, existence 
of solutions of PDE's, and more. 

This kind of research has produced a wealth of conclusive results in the context of 
Euclidean spaces and Riemannian manifolds. In contrast, very little is known in subRie- 
mannian geometry, even in the simplest cases of the Heisenberg group or the CR sphere; 
this is especially true with regards to best constants in Sobolev imbeddings and sharp 
geometric inequalities. 

In order to motivate our work, we present three by now classical sharp inequalities on 
the Euclidean IR n , S n . First, there is the standard Sobolev imbedding W d ^ 2,2 L 2n /( n - d ) ; 
(0 < d < n) represented by the optimal inequality 

f In 

\\Ff q < C(d,n) / FA d F q = (0.1) 

Jx n-d 

with C(n,d) = u n d / n r(™z^ /r(n±£^ ; anc [ where u n denotes the volume of S n . For 
X = R n the operator Ad is A d / 2 , and the extremals in (0.1) are dilations and translations 
of the function (1 + \x\ 2 )~ n ^ q . For X = S n the operator A d is the spherical picture of 
A d / 2 , obtained from it via the stereographic projection and conformal invariance. These 
operators act on the kth order spherical harmonics Y k of S n as 

When d = 2, A 2 = Y = A5™ + n< - n ~ 2 ^ ; the conformal Laplacian; for general d G (0,n) 
Ad is the intertwining operator of order d for the complementary series representations of 
SO(n+ 1, 1), and it is an elliptic pseudo differential operator with the same leading symbol 
as (Asn) d / 2 . The fundamental solution of Ad is given by the chordal distance function 
Cd\C — n\ d ~ n , with £,77 G S n , where Cd is the same constant appearing in the fundamental 
solution (Riesz kernel) for A d / 2 on W 1 . Higher order invariant operators where studied by 
Branson [Br], and also Graham, Jenne, Mason, Sparling [GJMS]. 

The extremals for the inequality (0.1) in this case are functions of type | J T \ l t q where 
I J T \ denotes the density of the volume change via a conformal transformation r of S n . 
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Both in R n and S n inequality (0.1) is invariant under the action of their conformal 
group; for example on M n in addition to the usual dilation/translation invariance, there 
is also an invariance under inversion: the action F — > F(x/\x\ 2 } \x\~ 2n / q leaves both sides 
of (0.1) unchanged. It is this particular aspect that makes this type of operators and 
inequalities interesting. 

For d = 2 it was Talenti [Ta] who first derived (0.1) on R n , followed by Aubin [Aul] 
on S n . For general d the inequality is the dual of the sharp Hardy-Littlewood- Sobolev 
inequality obtained by Lieb [L] , a fundamental inequality which concerns the minimization 
of \\F * \x\~ x \\ q /\\F\\ p in the case p = 2; as stated, (0.1) appears in [Bee]. 

Next, there is the limit case d = n of the above imbedding, which gives the so-called 
exponential class imbedding W n / 2,2 <— > e L , and more generally W n / p,p <— > e L , itself a 
limiting case of W k,p L np ^ n ~ kp \ In concrete terms the Sobolev imbedding in the 
critical case kp = n is represented by a Moser-Trudinger-Adams inequality of type 




where B n / p is a suitable, possibly vector valued, pseudo differential operator of order n/p, 
and where the constant a njP is best, i.e. it cannot be replaced by a higher constant. Here 
F runs through an appropriate subspace of W n l p,p where B n / p is invertible. 

Estimate (0.3) was first studied in the case p = n by Trudinger [Tr] and later by 
Aubin [Au2], who showed that e F is locally integrable if F e W 1,n . The first sharp result 
is due to Moser [Mosl] on domains of M n , later extended to operators of higher order and 
general p by Adams [Ad]. On the sphere, the first result is by Moser himself [Mos2], in 
the case n = p = 2 and for and general compact Riemannian manifolds of dimension n, 
and operators of arbitrary order the best optimal inequality is due to Fontana [F]. The 
operators involved there were either integer powers of the Laplace Beltrami operators, or 
gradients ot those powers; in particular for (0.3) in the case p = 2 we get: 

n(2n) n n\u n 
u n -i 2 

One of the key ingredients needed in the proof of (0.3) was the precise asymptotic 
expansion of the fundamental solutions for the operators involved. 

Both (0.1) and (0.3) have important applications to isoperimetric problems, curvature 
prescription equations, and other nonlinear PDE's. 



3 



On S n there is also another form of the exponential class imbedding, namely the 
so-called Beckner-Onofri inequality 



where j- denotes the average operator, and where A n is the intertwining operator defined 

by (0.2) in the limit case d = n , namely with eigenvalues k(k + l)...(k + n — 1). Such A n is 
sometimes referred to as the Paneitz operator on the sphere, in honor of S. Paneitz who first 
discovered a fourth order conformally invariant operator on general manifolds. Note that 
Ai = A. Due to the particular nature of A n , the functional in (0.4) is invariant under the 
group action F ^ F or + log \J T \, where r is a conformal transformation of S n and | J T | its 
associated volume density; this action preserves the exponential integral. This important 
inequality was first derived by Onofri in dimension 2, but its general n— dimensional form 
was discovered later by Beckner [Bee], via an endpoint differentiation argument based on 
(0.1) and the sharp Hardy-Littlewood-Sobolev inequality. Later, Chang and Yang [CY] 
gave an alternative proof of (0.4) by a completely different method, based on an extended 
and refined version of the original compactness argument used by Onofri. 

Estimate (0.4) has relevant applications in spectral geometry and mathematical physics, 
from comparison theorems for functional determinants to the theory of isospectral surfaces. 



For the past 15-20 years there has been a growing interest in finding the analogues of 
the above results in the context of CR geometry. The biggest motivations are certainly the 
isoperimetric inequality, the isospectral problem, extremals for spectral invariants such as 
the functional determinant, and several other eigenvalue comparison theorems. 

In the CR setting, the first and only known sharp Sobolev embedding estimate of 
type (0.1) with conformal invariance properties is due to Jerison and Lee [JL1],[JL2], and 
it holds on the Heisenberg group H n and on the CR sphere S 2n+1 in the case d = 2, for 
the CR invariant Laplacian (which is the standard sublaplacian in the case of H n ). The 
corresponding version for operators of order < d < Q = 2n + 2, d ^ 2, is only conjectured, 
and involves the intertwining operators Ad for the complementary series representations 
of 577 (n + 1,1). The explicit form of such operators has been known for quite some 
time, for example by work of Johnson and Wallach [JW], and also Branson, Olafsson 
and Orsted [BOO], and can be described as follows. Let Tijk be the space of harmonic 
polynomials of bidegree (j,k) on S +1 , for j, k = 0,1,...; such spaces make up for the 
standard decomposition of L 2 into U(n + l)-invariant and irreducible subspaces. The 
intertwining operators of order d < Q are characterized (up to a constant) by their action 
on Y jk e H jk ■■ 




(0.4) 



[Br], [BCY], [CY], [CQ], [O], [OPS]. 



AdY jk = X j (d)Xk(d)Y jk , 



Xj(d) 



r(j+jg) 
r(j + ^)' 



(0.5) 
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when d = 2 this gives the CR invariant sublaplacian. As it turns out these operators have 

d — Q o_i_i 

a simple fundamental solution of type c^j 1 — C' > where (,r] £ S + , for a suitable 

constant c^. The conformally invariant sharp Sobolev inequality that is conjectured to be 
true is 

° < 



\ 2 q <T7AU-f FAdF <l = 7r^l (°- 6 ) 
q \ {d) 2 J s2n +i Q-d 



with extremals of type | Jr] 1 ^, r a conformal transformation of S 2n+1 ; this is the Jerison- 
Lee inequality for d = 2 but it is an open problem for general d. This conjecture does 
not seem to appear on any published articles, but it is well known within the group of 
researchers interested in this type of questions. One of the aspects that makes the CR 
treatment more difficult, is the lack, to date, of an effective symmetrization technique on 
the CR sphere or the Heisenberg group, that would allow for example to show the dual 
version of (0.6), namely the CR Hardy-Littlewood- Sobolev inequality. 

Regarding Moser-Trudinger inequalities at the borderline case d = Q/p, Cohn and 
Lu recently made some progress [CoLul], [CoLu2], deriving the CR analogue of (0.3) with 
sharp exponential constant in the case of the gradient, p = Q, both on W 1 or the CR S 2n+1 
(see also [BMT] for similar results on Carnot groups). In regards to the "correct" CR 
analogue of Beckner-Onofri's inequality (0.4), the situation is not so obvious. One would 
certainly start to consider the operator Aq = lim^Q Ad, the intertwining or Paneitz 
operator at the end of the complementary series range; the kernel of this operator is the 
space of CR-pluriharmonic functions on S 2n+1 , given by V := ©j(^jo © ^oj)- On the 
basis of (0.4) the natural conjecture would be that for a suitable constant c n 

c n j FAqF - \og-j- e F ~ nF >0, yFeW Q/2 ' 2 (0.7) 

where nF denotes the Cauchy-Szego projection of F on the space V. The Euclidean version 
(0.4) can be cast in a similar form, with ttF being just the average of F. This inequality 
however is not invariant under the conformal action that preserves the exponential integral, 
i.e. F — > F o t + log | J T \. On the other hand, the fact that Aq has such large kernel V 
combined with the invariance of V under the conformal action (see Prop. 3.2) leads one to 
think that there should be a CR version of (0.4) which is conformally invariant and whose 
natural "milieu" is the space of CR-pluriharmonic functions; in this work we show that 
this is indeed the case. 

Main results. 

The CR version of Beckner Onofri's inequality proven in this paper is described as 
follows. Let Aq be the operator acting on CR-pluriharmonic functions as 

E( y i° + Y ^ = E WX^o + Y 0J ), A,(Q) = j(j + l)..(j + n) 
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where Y j0 e TCjo, Y 0j e H 0j . In Theorem 3.1 we prove that for any real F £ W Q/2 ' 2 n V 
we have 

2^7TTv/ FA^F+f F-log/ e F >0. (0.8) 

The functional in (0.8) is invariant under the conformal action F — > F o r + log|J r |, 
where r is a conformal transformation of S 2n+1 (i.e. r is identified with an element of 
SU(n + 1, 1)), and \J T \ its Jacobian determinant. The extremals of (0.8) are precisely the 
functions log \J T \. 

A few remarks are in order. First, the conformal action is an affine representation 
of SU(n + 1, 1), and the minimal nontrivial closed (real) subspace of L 2 that is invariant 
under such action is precisely the space of real CR-pluriharmonic functions (Prop. 3.2). 
This is in contrast with the Euclidean case, for the action induced by SO(n + l, 1), since in 
that case the only invariant closed subspaces of L 2 are the trivial ones. This observation 
seems to justify (at least partially) that inequality (0.8) could be regarded as the direct 
CR analogue of (0.4) from the point of view of conformal invariance. 

Secondly, the key character in (0.8) is the operator Aq, which we call the conditional 
intertwinor of order Q on V. This operator is the CR analogue on V of the Paneitz, or 
GJMS, operator A n on the standard Euclidean sphere, and coincides, up to a multiplicative 
constant, with the d— derivative at d = Q of Ad restricted to V. Moreover, we have 

n 

e=o 

where C is the standard sublaplacian on the sphere. To our knowledge such operator is 
introduced here for the first time. 

Finally, if conjecture (0.6) were true then (0.8) would result by the same endpoint 
differentiation argument used by Beckner to obtain (0.4). The meaning of this is that even 
though we do not know whether (0.6) holds, we can still consider the functional 



^j0A d GdC-[j\GM 



2/9 2Q 



Xo(d) 2 J " W 7 ' Q-d 

and take its d— derivative at Q under the restriction F e V\ the result of this operation is 
the functional in (0.8). This argument will in fact be used to prove the conformal invariance 
of (0.8) (see Prop. 3.2). 

Our proof of (0.8) follows the same general strategy used by Chang- Yang and Onofri. 
The first step is to show that the functional in (0.8) is bounded below. This is accomplished 
by a "linearization" procedure from a sharp Adams inequality on the CR sphere derived 
here for the first time. Indeed a substantial portion of this work is dedicated to inequalities 
of type 

A d ( U } F L ) dC<C (0.9) 



exp 

52™+! 



\B A F 



d r \\p 
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where < d < Q, dp = Q. We will obtain (0.9) for what we call d— type operators on 
Hardy spaces HP , or V p {LP boundary values of pluriharmonic functions on the ball), and 
which are essentially finite sums of powers of the sublaplacian, restricted to such spaces, 
with leading power equal to d/2. When p = 2, the case of interest for (0.8), we have 
Aq/2 = \{n + l)\u>2n+i and this constant is sharp, i.e. in (0.9) it cannot be replaced by a 
larger constant, For general p we can only provide upper and lower bounds for the sharp 
constant. We will also obtain (0.9) on the full W d > p for B d = C d/2 or B d = V d / 2 , where 

2 

£ is the sublaplacian of the CR sphere, and V = £ + ^- is the conformal sublaplacian. 
In this case the constants are sharp for any p. In a forthcoming paper we will treat sharp 
Adams inequalities for more general spectrally defined operators on W d,p . 

Various instances of inequality (0.9) in different settings and forms can be found in 
the literature. The most common and basic strategy to prove them goes back to Adams. 
It reduces the problem to a sharp exponential inequality for the convolution with the 
fundamental solution of the operator involved. A tipical obstacle comes from the fact that 
in many cases such fundamental solution is only approximately known, but in [F] Fontana 
showed that only suitable asymptotics are really needed, and that it is not even necessary 
to have a convolution operator. Fontana's original work was for a class of differential 
operators on compact Riemannian manifolds without boundary. In this paper we present 
a general unified abstract result on exponential integrability in the Adams form, but valid 
in arbitrary measure spaces, and with rather minimal assumptions. The proof of such 
result relies on extensions and refinements of the methods used in [F], and its proof will 
appear in a separate work [FM]. With this approach the key step in the proof of (0.9) 
consists in proving only a precise asymptotic expansion for the distribution function of the 
fundamental solution. 

Finally, but not less importantly, (0.8) implies the following sharp logarithmic Hardy- 
Littlewood-Sobolev inequality: 

{n+l)jj log ^.-i G(C)G( V )dCd V < J- G log G d( (0.10) 

valid for all G > with the right hand side finite, and j-G = 1. The inequality is confor- 

mally invariant under the action G — > (G or)\J T \, and its extremals are the functions \J T \, 
with r any conformal transformation. The logarithmic kernel in (0.10) is a fundamental 
solution of Aq as an operator acting on CR-pluriharmonic functions: 



(A' Q ) " 1 (C,V) = ~ -q^ log 1 1 - C • V\ 

r(f )U) 2 n+l 



In the Euclidean context (0.10) was obtained by Carlen and Loss [CL] from the sharp 
inequality (0.1), cast in its dual form, via endpoint differentiation. In some precise sense 
(0.10) and (0.8) are dual of one another. Finally we will derive an equivalent version of 
(0.10) on the Heisenberg group, using the conformal invariance of such inequality. 
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Ideas for related research 

The inequality obtained by Beckner and Onofri turned out to be central in the prob- 
lem of finding extremal geometries for the functional determinant of certain operators on 
compact Riemannian manifolds. We expect the same to be true in the case of CR ge- 
ometry, namely that an explicit computation of functional determinants of conformally 
invariant operators, at least in low dimensions, would involve the functional in (0.8), and 
that (0.8) itself would be useful in solving extremal problems. 

At the dual end, the third author has shown in [Ml] that the logarithmic Hardy- 
Littlewood-Sobolev inequality on S n was the analytic expression of an extremal problem 
for the regularized zeta function of the Paneitz operators. Likewise we expect the same to 
be true on the CR sphere. 

We hope that the results presented in this paper will serve as an incentive to pursue 
these matters, and in particular to motivate the explicit calculation of functional determi- 
nants for low dimensional CR-manifolds. 

In memory of Tom Branson. 

Tom Branson wrote: "What I have in mind is to generalize Beckner's sharp, invariant 
Moser-Trudinger inequality on S n , which is a fact about conformal geometry, to a fact 
about CR geometry, and eventually other rank 1 and higher rank geometries" [Brl]. Chang 
and Yang gave an alternative, symmetrization-free proof of Beckner's inequality on S n ; 
it was Branson's idea that we might attempt to "play the same game" on the CR sphere. 
"This is not just any example; it's the one people will be by far most interested in, because 
of CR geometry" [Brl]. The present paper is the result of our efforts to prove that Tom 
Branson's original intuition was indeed correct: yes, we can play the same game, but on 
the space of CR-pluriharmonic functions (and with considerably more difficulties). 

Tom Branson suddenly passed away in March 2006. 

Acknowledgments. 

The authors would like to thank Francesca Astengo, Bill Beckner, Bent 0rsted, Marco 
Peloso, Fulvio Ricci and Richard Rochberg for helpful comments. 

1. Intertwining operators on the CR sphere. 

The Heisenberg group, the complex sphere and the Cayley transform 

The Heisenberg group H n is C n x R with elements u = (z, t), z = (z\, z n ), and with 
group law 

(z, t)(z',t') = (z + z',t + t' + 21m z ■ z') 

where we set z • w = z j^j, for w = (w±, w n ). The Lebesegue-Haar measure on HP 
is denoted by du = dzdt. 



8 



Throughout the paper we will often use the standard notation for the homogeneous 
dimension of H n : 

Q = 2n + 2. 

The sphere S 2n+1 is the boundary of the unit ball B of C n+1 . In coordinates, Q = 
(Ci, ...,Cn+i) e S 2n+1 if and only if (■( = \Cj ? = 1- The standard Euclidean volume 

element of S 2n+1 will be denoted by d(. 

The Heisenberg group and the sphere are equivalent via the Cayley transform C : 
M n _^ S 2n+i \ (o, 0, 0, -1) given by 

COM) = 

and with inverse 



2z 1 - 


z\ 


2 -It 


\z\ 


2 + it ' 1 + 


z\ 


2 + it 



1 - Cn+l 

1 + Cn+l ' ' 1 + Cn+l ' 1 + Cn+l 

We will use the notation 

K=C(0,0) = (0,0,...,1). 
The Jacobian determinant (really a volume density) of this transformation is given by 

22n+l 



so that 



\J c (z,t)\ = 

{(1 + \z\ 2 ) 2 + t 2 ) n+1 



FdC= [ (F o C)\Jc\dzdt 

- 1 JW 1 



The homogeneous norm on H n is defined by 

\(z,t)\ = (\z\ 4 + t 2 ) 1 / 4 
and the distance from u = (z, t) and v = (z', t') is 

d((z, t), (z', t')) := Iv^ul = (\z-z'\ 4 + (t-t' - 21m (z ■ z')) 2 ) 1/4 
On the sphere the distance function is defined as 

d(C, V) 2 ■■= 2)1 - C • ^| = I IC - ^l 2 - 2z Im (C • rj) \ = (|C - v\ 4 + 4 • Im 2 (C • rj)) 1/2 
and a simple calculation shows that if u = (z,t),v = (z', £'), and C = C(u), rj = C(v). then 

11 ~f ^ = irti 2 ((i + ki 2 ) 2 + t 2 ) _1/2 ((i + k?) 2 + (o 2 ) _1/2 (i.i) 
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Sublaplacians on H n and S 2n+1 . 

The sublaplacian on H n is the second order differential operator 



1 n 



d d d d d 

where X, = — h 2yj — , Y~ = — 2xj — , and — denote the basis of the space of 

oxj at dyj at at 

left-invariant vector fields on HP. It's easy to check that 



1 n — — 
C = -- ^(ZjZj + ZjZj) 



2 

i=i 

where 

d _ d — d d 

Zj = dz~ + lZj dt J Zj = df j ~ lZj dt 



d 'th — I . a \ a i / a . a \ 

dzj 2 V dxj dyj J ' dzj 2 V dxj dyj J ' 

The fundamental solution of £ was computed by Folland [Fol] and 

C^(u,v)=C 2 d(u,v) 2 -^, C 2 = 

so that 



G{u)= I C 2 \v\ 2 - Q F( V - 1 u)dv= [ £ - 1 (u,v)F(v)dv 
JW 1 Jw 1 

solves CqG = F. 

On the standard sphere, the sublaplacian is defined similarly as 

n+l 



where 



2 



a a 



T.^-C^ *=X>^, (1.3) 
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and where the T 3 generate the holomorphic tangent space T h0 S 2n+1 = T h0 C n+1 f]CTS 2n+1 . 
Explicitly 

d 2 

with A = V • — . The trasversal direction is the real vector field 

^m>4|>4- ? 4) (L5) 

and CTS 2n+1 is generated by the T jt T jt T. 

The conformal sublaplacian on the sphere is defined as 

V = C + —. 

4 

The fundamental solution of V has been computed by Geller [Ge] (Thm. 2.1 with a = 
and modulo volume normalization) 

on— lp/ n\2 

V- 1 (C, ^ = c 2 d(C, r7) 2 " Q , c 2 = = 2C 2 (1.6) 

in the sense that for smooth F : S 2n+1 — > C the function 

G(0 = V-'FiO = [ c 2 d(C, V ) 2 ~ Q F( V )d V 

satisfies VG = F. 

The peculiarity of V is its direct relation with £ via the Cayley transform: 

£ ((2|Jc|)^(FoC)) = (2\J c \)^(VF)oC (1.7) 

which can be readily established by using the explicit formulas for the fundamental solu- 
tions and (1.2). The multiplicative factor 2 in the above formula appears because we use 
the standard volume elements for HI n and S 2n+1 instead of the volume forms associated 
with the standard contact forms 6> , and 9 of these two spaces. In this case indeed we have 
that 

/ / O A d$ ... A d6 = 2 2n n\ [ fdzdt = [ F 9 A d$... A dff = 2 2n+1 nl [ Fd( 
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where / = (F oC)(2\Jc\) (see Jerison-Lee [JL1)]. This also accounts for the factor 2 in the 
relation c 2 = 2C 2 . 



Spherical and zonal harmonics on the CR sphere. 

The Hilbert space L 2 (S 2n+1 ) : endowed with the inner product 

(F,G) = [ FGdC 

J S 2 n + l 

can be decomposed as L 2 (S 2n+1 ) = 7~Lj,k, where T~Cj,k is the space of harmonic poly- 

j,k>0 

nomials on C n+1 which are homogeneous of degree j, k in the £'s an d C s respectively, and 
restricted to the sphere. The dimension of 7~Lj,k is 

A . m , (j + n-l)\(k + n-l)\(j + k + n) 
dim(W i>fc ) = m jk := nl(n _ 1)ljlkl 

and if {YL} is an orthonormal basis of Hjk then the zonal harmonics are defined as 



The &j,k are invariant under the transitive action of U(n) and it turns out that 



•*«,-,) = := + "- 1)lb .+ t + " ) (C-^-^"- 1J - t '(2|C-^ " 1) (1-9) 



ii k < j, and $>jk{(,r]) = $>jk{( 4 v) '■= ^kj(C'V)^ if J < where _pj n '^ are the Jacobi 
polynomials (see [VK], Section 11.3.2). 

In particular, since p^ 1-1 '^ = 1 we have also 

<MC- v) = (C- ^ = - . ^L + ( l ] (C- vY (i.io) 

j\n\t0 2n +l T(j + l)T(f )cU 2 n+l 



and $ fc(C- t?) = $ko((- V) = ^ko(C-v)- 
If F G L 2 then 

^(0= E / F( V )* jk {C-ri)d V 



the series being convergent in L 2 . 
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Hardy spaces and CR-pluriharmonic functions. 
In the sequel we will use the following notations 

Tt = ©j>o 7~tjo = {L 2 boundary values of holomorphic functions on the unit ball } 

H = ©j> 7^oj = {L 2 boundary values of antiholomorphic functions on the unit ball } 

V = H®TL= \L 2 CR-pluriharmonic functions } 

WP = {L 2 real- valued CR-pluriharmonic functions } 

Ho, 7io, Vo, ffiPo = functions in H, TC, V, M.V with mean. 

The space 7i is the classical Hardy space for the boundary of the unit ball of C n+1 . 
The Cauchy-Szego projection ttq : L 2 (S 2n+1 ) — > H is given by the Cauchy-Szego kernel 

The projection operator on V 

n : L 2 (S 2n+1 ) -> V 

has kernel 2KeK((,n) . Denote by the orthogonal complement of V, with 

respect to the standard Hermitian product i.e. 

L 2 (S 2n+1 ) =V®V ± . 

The Hardy spaces for p > 1 are defined similarly. W will denote the LP closure of 
boundary values of holomorphic functions on the unit ball, and likewise for all the other 
spaces 7Yq, V p , Vq, ... etc. The Cauchy-Szego projection n sends L p into W boundedly. 

Sobolev spaces. 

The Sobolev, or Folland- Stein, spaces on HP and S 2n+1 can be defined in terms of 
the powers of the corresponding conformal sublaplacians. The main references here are for 
example [ACDB] , [ADB] , [Fo2] . We summarize the main properties below. 

It is well known (see e.g. [St]) that for Yjk G Hjk 

Tt 

VY jk = XjX k Y jk , Xj = j + - (1.11) 

For F G L 2 (S 2n+1 ), we can write F = E,, fc > E2i* c] k {F)Y^ and c%(F) = j FY& 
in particular, if F G C°°(S 2n+1 ) then (1.11) implies that 

J2(^k) d \4k(F)\ 2 < oo. (1.12) 

j,k>0 1=1 
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For F e C°°(5 2n+1 ) we then define for any del 

v m F = ^ j2( x M d/2c UF)yf k (i.i3) 

j,k>0 1=1 

so that D d l 2 extends naturally to the space of distributions on the sphere. For d > 0, p > 1 
we let 

W d,p = | F e L p . e L p| 

endowed with norm 

ll-^lliv d -p = 11^ -^1Ip> 

the space W d,p is the completion of C°°(S 2ri+1 ) under such norm. 

W d ' 2 is the space of F in I? so that (1.12) and (1.13) hold, and it's a Hilbert space 
with inner product and norm 



(F,G) wd , 2 = [ V d / 2 FV d / 2 G, \\F\\ W d,2 = (F, F) 
Js 2n + 1 



1/2 



Clearly || (/ + £) d / 2 ||2 yields an equivalent norm on W d ' 2 . Also, if L 2 , denotes the classical 
Sobolev space on S 2n+1 , defined as above but using the Laplace-Beltrami A rather than 
V, and with norm ||F|| L a = || (I + A) d / 2 F|| 2 , then 



in fact 



L 2 W d > 2 L 2 /2 



ci\\F\\ L 2 < \\F\\ W d,2 < C2\\F\\ L 2 

d/2 d 



for some ci, c 2 > 0, as one can easily see by comparing the eingenvalues of V with those 
of I + A (i.e. 1 + 0' + k)(j + k + 2n)). 

The dual of W d > 2 is the space of distributions 

(W d ' 2 )' = \V d l 2 F, F e L 2 } 

and it coincides with W~ d > 2 defined as the space of distributions T such that T>~ d l 2 T e L 2 . 

The operators D d l 2 and C d l 2 are positive and self-adjoint in their domain W d ' 2 . The 
quadratic form (V d ^ 4 F, T> d ^G) allows us to further extend T> d l 2 and C d ^ 2 to operators 
defined on W d ^ 2,2 (the form domain) valued in W~ d l 2,2 . In the sequel we will denote such 
extensions by £> d / 2 , £ d / 2 , with domain W d / 2 ' 2 . 

On the Heisenberg group the Sobolev spaces are defined analogously as the completion 
of C^°(H n ) under the norm + C ) d/2 \\ 2 . The resulting space is still denoted by W d > 2 . 
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Intertwining and Paneitz-type operators on the CR sphere 



The group SU(n + 1, 1) acts as a group of conformal transformations on S + , and 
therefore on H n by means of the Cayley projection (see [KR1-2]). Recall that a conformal 
(or contact) transformation, is a diffeomorphism h : H n — > H n that preserves the contact 
structure, i.e. if 6> is a contact form, then h*6 = \Jh\ 2 ^&o, where |J^| is the Jacobian 
determinant of h. An analogue of the Euclidean Liouville's theorem holds: every C 4 
conformal mapping on IH n comes from the action of an element of SU(n + 1,1), and it can 
be written as composition of 

left translations (z, t) — > (z',t')(z,t) 

dilations (z, t) — > (8z, 8 2 t), 5>0 
rotations (z, t) — > (Rz, t), R<EU(n) 

inversion (z, t) — > ( — . , n Z , — — - ; ^ . 

v ' 1 V \z\ 2 +it' \z\ 4 + t 2 J 

Let us denote the spaces of conformal transformations of H n by CON(H n ), and the space 
of conformal tranformations of S 2n+1 by CON(S' 2n+1 ) := {r : r = C o h o C _1 some 
h G CON(H n )}. Note that the inversion on H n corresponds to the antipodal map ( — > — ( 
on S 2n+1 . 

The functions | Jh\ with h E CON(H n ), are obtained from \Jq \ by left translations and 
dilations and can be written as (cf [JL2]) 

\J h {u)\ = C > 0, w E C n , A G C, Re A > \w\ 2 , u= (z,t) G H n . 

| \z\ 2 + it + 2z -w + A| 

From this formula it's easy to see that the family of functions | J T | with r G CON(5' 2n+1 ) 
can be parametrized as 

1^(01 = ,, ° C > 0, W G C n+1 , |w| < 1, C G 5 2n+1 - (1-14) 

The following formulas hold: 



d(^(u),%)) = d(u,u)|J h (u)|^|J fc (u)|^, V/i G CON(H n ) 
d(T(C),r(»/)) = d(C,»/)|J T (C)|^|Jr(»/)|^, Vr G CON(^ +1 ) 



(1.15) 



These formulas are trivially checked on traslations, rotations, dilations of H n , and on 
the inversion of S 2n+1 ; using (1.2) one can cover the remanining cases. 

The operators Co and V are intertwining in the sense that for each /, F G W 1,2 

\j h \(Q+*)/(2Q)(c f) o h = £ (|^| (Q " 2)/(2Q) (/ ° ^)), V/i G CON(H n ) 
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I j r |(0+2)/(2Q) (pF) Q T = p(| j T |(0-2)/(2Q) (F Q r) ) 5 Vr e C ON(S 2n+1 ) (1.16) 

To check these formulas it's enough to rewrite them in terms of the inverse operators 
Cq 1 , £> _1 , and then use the explicit formulas for their kernels and (1.15). 

For < d < Q the general intertwining operator Ad of order d is defined by the 
following property: 

\j T \(Q+*)/(*Q)(AdF) o r = A d {\J T \ {Q ~ d)/{2Q) {F o r )), Vr e CON(S 2n+1 ) (1.17) 

for each F e C°°(5' 2n+1 ) and hence for each F e VF d / 2 ' 2 (in fact for each distribution F). 
In other words, the natural pullback of Ad by a conformal transformation r satisfies 

r *^4 d ( r -i)* = |j T |-(Q+^/(2Q)^|j T |(Q-d)/(2Q) 

where r*F = F or. 

The concept of intertwining operator is more properly understood in the context of 
representation theory of semisimple Lie groups, in our case SU(n + 1, 1), see e.g. [Br], 
[BO0],[C], [JW]. In particular, for d E C the map u d : r -> {F -> | J T |(Q+ d )/( 2 Q)(i? r )} 
is a representation of the group SU(n + 1,1), modulo identification of the latter with 
CON(5' 2n+1 ); these Ud are known as principal series representations of SU(n + 1, 1), and 
the ones corresponding to d e (— Q, Q) are called complementary series. The relation (1.17) 
says that Ad intertwines the representations Ud and U-d- The present formulation is given 
in elementary differential-geometric terms, which for our purposes is more than enough 
(see however [Br], pp 18-19, for a digression on the Ud in more Lie-theoretic language). 

It is known, from the above works (see also Appendix A, Prop. A.l), that an operator 
satisfying (1.17) is diagonal w.r. to the spherical harmonics, and its spectrum is completely 
determined up to a multiplicative constant by the functions 



T (Q+d , -\ 

A ^ = r(4^+j) j (L18) 



in the sense that up to a constant the spectrum is precisely {Xj(d)Xk(d)}. From now on 
we will choose such constant to be 1, i.e. Ad will be the operator on W d ' 2 such that 

A d Y jk = X J (d)X k (d)Y jk , Y jk eU jk (1.19) 

The form (A^^F, A^/ 2 G) allows us to extend Ad to an operator with domain W d ^ 2 ' 2 
valued in W~ d l 2,2 , which we still denote by Ad- The eigenvalues of such operators are 
still Xj(d)X k (d), i.e. (1.19) holds, in the sense of forms. Since Xj(d) > for all j > 
then Ker^4 d = {0}, and eigenvalue estimate shows easily that IIA2/2-FII2 or II (^d) 1//2 ||2 
are equivalent to ||F|| W d,2, for < d < Q. Observe that in the case d = 2 we have 
Aj(2) = Xj = j + f , and we recover the conformal sublaplacian i.e. 

A 2 = V. 
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A fundamental solution of Ad is given by 

G^,r,)-.=A-/K,v)= E ^£rr cMd ~ Q (L20) 

j,k>0 J 

with 

nn-4 W Q-<A 2 

Cd = (1-21) 

and where the series converges unconditionally in the sense of distributions, and also in L 2 if 
Q/2 < d < Q. The proof of (1.20) is somehow implicit in the work of Johnson and Wallach 
[JW], and a similar formula (still quoted from [JW]) appears in [ACDB] (formula (11)), 
but with different normalizations. The case d an even integer was treated by Graham [Gr] , 
including the expression for the fundamental solution. For the reader's sake in Appendix 
A we offer a self-contained proof of the spectral characterization of intertwining operators, 
in the sense of (1.17), and of formula (1.20), using only the explicit knowledge of the zonal 
harmonics. We note here (but see also Appendix A) that the intertwining property can 
be checked directly using (1.20) and formulas (1.15), after casting (1.17) in terms of the 
inverse A^ 1 . 

We shall be concerned with the intertwining, Paneitz-type operators of order Q. Notic- 
ing that 

A »w = §Sy ~ ^r r (f)- < L22 > 

we easily obtain from (1.17) that the operator Aq : W d ' 2 — > V 1 - defined as 

A Q F : = lim A d F (1.23) 

d^Q 

the limit being in L 2 , satisfies for F e W®' 2 

\J t \(A q F)ot = Aq(Fo T ), VrG CON(S 2n+1 ) (1.24) 

or 

t*A q (t- 1 )* = \J t \- 1 A q . (1.25) 

The operator Aq can be extended via its quadratic form to an operator, still denoted 
by Aq, with domain W Q / 2 > 2 , kernel Ker^t Q = V, valued in (W Q / 2 ' 2 )' = W~ Q / 2 ' 2 . The 
identity (1.24) is still valid for F E W Q / 2 > 2 and 

A Q Y jk = \j{Q)\ k {Q)Y jk = j(j + l)...(j + n)k(k + l)...(k + n)Y jk . 

Observe that + AqY^F^ is equivalent to HFH^q/2,2 on the space W Q / 2,2 fl V L . 

In the case d an even integer it is possible to write down a more explicit formula for 
Ad as a product of Geller's type operators. In fact, we can recover the operators found by 
Graham in [Gr] : 



17 



Proposition 1.1. If d < Q is an even integer, then Ad is a differential operator and 



-i(2£ + l)T) if - EN 
d-2 



A d = < 



d-2 
4 



V \\ (v - £ 2 + 2UT^j (v-fi- 2ii 7") 



if 



e N. 



v e=o 



Proof. We have 



2 1 



A i (d)= II i^ + t-i + h) 



e=o 



from which it's easy to check that (recall: Xj = J ' + f ■ 

/ d 



■-1 



d 



X J (d)X k (d) = < 



n(A J 2 -(£+i) 2 )((A 2 fc -(£+i) 2 ) if JeN 

d-2 

A j A t n(A J 2 -« 2 )(A|-< 3 ) 



if ^ £ N. 



£=0 



The proof is completed noticing that TYj k = \ (j — k)Yj k , for Yjk G Wjfc, and that 
(A 2 - 6 2 ) (A 2 - 6 2 ) = (AjAfc - 6 2 + 6(j - fc)) (A, A* - 9 - b(j - k)). 



Ill 



Note in particular that when d = 4 



^4= (■ 



n 2 - 1\2 



+ T 2 . 



Also, note that since T 2 = -|T| 2 then on can isolate the highest order derivatives in 
the above expression, counting T as an operator of order 2, and obtain 



A d = \2T\ d / 2 



r(£|2T|" 1 + ^) 
T(C\2T\- 1 + 



+ lower order derivatives. 



(1.26) 



The formula above needs of course to be suitably interpreted, as T is invertible only on 
the space ®j 7 c k 7~Cjk- For d not an even integer, we speculate that there might still be a 
way to make sense out of (1.26), as the "leading operator" appearing in that formula, has 
the same form as the intertwinor on the Heisenberg group (see (1.33)). 
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Remark. It is possible to show that a fundamental solution for Aq : V 1 - — > V 1 - is given 
by 



^2n+ir(fj 

(up to a CR-pluriharmonic function). This calculation can be effected using the explicit 
formula for the fundamental solution of Ad, and differentiating twice with respect to d at 
d = Q (note that the constant Cd has a pole of order two ad d = Q). 



Conditional intertwinors. 

Of particular importance for us, is the existence of another intertwinor of order Q 
defined on V, which we call the conditional intertwinor or Paneitz operator on V. This 
is defined on C°°(S 2n+1 ) (and hence on the space of distributions) by its action on the 
spherical harmonics in the following way: 

MqYjq = \ 3 {Q)Y jG = j(j + + n)Y j0 , A' Q Y Qk = X k (Q)Y Qk (1.27) 

and A'qYjk = 0, if jk > 0. Observe that + ^.q) 1 / 2 F||2 is equivalent to ||F|| w q/ 2 ,2 on 

W Q/2,2 n V 

We summarize the properties of Aq in the following proposition. 

Proposition 1.2. A'q as defined as in (1.27) is a positive semide finite, self-adjoint oper- 
ator, with KerA' Q = Vq . For each F e W Q/2 > 2 HV we have 



4 d 

A' TP — 



(A d F) = lim-^—AdF (1.28) 

d=Q Md) 



and for every r G CON(S 2n+1 ) 



| J T | (A'qF) ot = A' q (Fot) + A Q ( log | J T \{F or)). ( 1.29) 
Moreover, A'q is a differential operator with 

n n 

A' Q F = Yl (2|T| +£)F= Yl (%C + £)F, WF e C°° (S 2n+1 ) n V (1.30) 

1=0 £=Q 

and it is injective on Vo with fundamental solution 

G'q(Cv) ■= (A'q)-\C,v) = log^|^. (1.31) 
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Note that (1.29) says that the intertwining property in the form (1.24) or (1.25) 
continues to hold for A'q, but modulo distributions that annihilate V (or modulo functions 
in ', if F e W®' 2 ). Also, A'q is an intertwining operator if seen as an operator from 
V to L 2 /V 1 - . In particular, the representations intertwined by A'q are the standard shift 
r -> {F -> F o r}, on P, and r -> { [F] -> [ (Fo r)\J T \ ] } on L 2 /V L . 

Proof. The eigenvalues of A'q vanish when j = hence Ker^4g = Vq. The first identity 
follows easily from (1.22). To prove (1.29), it's enough to take the (/-derivative at Q of 
(1.17): 

|J,|(^F)or-^^|J T |log|J T |(^ Q F)or = ^(For) + ^^^ Q (log|J r |(For)) 

for each F e C°°(5' 2n+1 ). We can trivially check (1.30) when F is a spherical harmonic. 
The last statement (1.31) follows from the formula 

G' Q ((, V) = 2Re V V t-W^o = "Tor ^ V 

/// 

Intertwining operators on the Heisenberg group. 

For completeness we say a few words for the case of the intertwining operators on H n . 

We already know from (1.7) that there is a direct connection between A2 = T> and Co, 
via the Cayley transform. To find the analogue situation for Ad one basically has to find 
the operator on H n with fundamental solution \u\ d ~® , since this operator is easily checked 
to be intertwining. This has been done by Cowling [C] and the result can be formulated 
as follows. Consider the U(n)— spherical functions 

$A,fc(*, t) = e^-l A l ^L^ilX \z\ 2 ), X^0,keN 

where F^ _1 denote the classical Laguerre polynomial of degree k and order n — 1. These 
are the eigenfunctions of the sublaplacian £q and of T = dt. 

£o$A,fc = |A|(2fc + n)Q x ,k, T$x !k = zA$ A , fc . 

On H n there is a notion of "group Fourier transform", which on radial functions (i.e. 
functions depending only on \z\ and t) takes the form 

f(\,k)= [ <f> x , k (z,t)f(z,t)dzdt, feL\U n ). 
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With this notation we have 



C f(X, k) = \X\(2k + n)f(X, k), Tf(X, k) = -i\f(X, k). 

In analogy with the sphere situation, on can show that up to a multiplicative constant 
there is a unique operator C d such that 

\J h \ (Q+d)/(2Q) (£ d f) o h = £ d (\Jh\ {Q - d)/{2Q Hf o h)), \/h e CON(H n ) 
for / G C°°(H n ), and such C d is characterized by (under our choice of the constant) 

C d f(X, k) = 2 d ' 2 \X\ d ' 2 r ) u Q t d [ = 2 d/2 \X\ d / 2 X k (d), (1.32) 

L{k+ —^) 

or, otherwise put, 

V( r I9TI" 1 4- 2 + d \ 
= \ 2T \ d/2 I )t 1L \t d ■ (1-33) 



With this particular choice of the multiplicative constant we have 

£-2 = Ah £4 = £-1) + T 2 = Cq — \T\ 2 
C d ((2\Jc\)%r (F o cj) ={2\J c \)^r{A d F)oC 
and a fundamental solution of C d is 



d\2 



2 n-§-l Y( Q~ d ) 

C- d \u,v) = C d \v-i U \ d -Q, C d =\c d = ^ 



(1.34) 



The proofs of these facts are more or less contained in [C], Thm 8.1, which gives the 
computation of the group Fourier transform of |w| d_< ^. Note however, that our proof of 
the corresponding facts on the sphere (Appendix A) can easily be adapted to this situation. 

We remark here that in the case d an even integer the operator C d coincides with the 
operator found by Graham in [Gr]. 

The intertwinors at level d = Q on H n are obtained in the same manner as those for 
the sphere. There's the operator 

C Q = lim C d 

whose kernel is the space of boundary values of pluriharmonic functions on the Siegel 
domain (modulo identification of its boundary with H n ). In terms of Aq we have 

C Q (FoC) =2\J c \(AqF)oC. (1.35) 
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For the conditional intertwinor, we recall that / is the boundary value of a holomorphic 
resp. antiholomorphic function on the Siegel domain if and only if /(A, k) = if k 7^ or 
A < resp. A > 0. So for / a smooth CR-pluriharmonic function on H n we can define, in 
analogy with A'q and via (1.32), 



4 d 
C' Q f= ' ' 



C d f=lim-±-C d f=\2T\Q/ 2 f. 

d=Q Md) 



r(§) 3d 

With this definition we have for a smooth F e V 

2| Jc\(A' Q F) o C = C' Q (F o C) + lQ g(2| Jc\)(F ° Q) 

which basically says that the conditional intertwinor on S 2n+1 is nothing but |2T|^/ 2 on 
the H n -pluriharmonic functions, "lifted" from H n to S 2n+1 via the Cayley map (note that 
the second term on the right is orthogonal the the pluriharmonics) . Also, we have 

\J h \(C' Q f) o h = C' Q U o h) + — ^-£ Q (log \J h \(f oh)), he CON(H") 

Qi- { 2 J 

analogous to (1.29). 



Intertwining operators and change of metric. 



The sublaplacian and conformal sublaplacian can be defined intrinsecally on any com- 
pact, strictly pseudoconvex CR manifold M, in terms of the contact form 9; see e.g. [JL1], 
[St]. If T> e is such conformal sublaplacian, then for any positive, smooth W on M there 
is a simple transformation formula for the conformal sublaplacian under conformal change 
of contact structure: 

Q+2 Q-2 

V we = W — ~V e W— (1.36) 

where, as usual, Q = 2n + 2, and 2n + l is the dimension of the manifold. We would like to 
extend this process to the operators Ad and A'q on the CR sphere. Unfortunately, there 
does not exist a general theory of such operators on general CR manifolds, i.e. we do not 
have available an intrinsic expression of Ad in terms of the contact structure. However, 
we are just interested in conformal changes of the standard CR structure of the sphere, 
and in the eigenvalues of the corresponding operators, so we can easily bypass the above 
difficulty as follows. 

In order to motivate our construction, first observe that the sublaplacian T>w on 

q_i_2 2 

(S 2n+1 ,W9 ) satisfies (1.36) i.e. V w = W — ~V W~ , and that it is a positive self- 
adjoint operator densely defined on L 2 (S 2n+1 7 Wd(). By standard facts (which will be 
recalled below) V w has eingevalues < Xj(W) | 00, and by the intertwining property 
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(1.16) (see proof of Prop. 1.3 below) such eigenvalues are invariant under the conformal 
action that preserves 

L Q/2 

norms: 

X J (W) = X J ((Wor)\J T \ 2 ^). 

We can now extend all this to the operators A d . For < W G C°°(S 2n+1 ) and 
< d < Q, the L 2 Hermitian products 

(F,G)= [ FGd(, {F,G) W := [ FGW Q / d dC 
Js 2n + l Js 2n + 1 

are obviously defining equivalent norms on L 2 and the sequilinear forms 

a d (F, G) := (A d /2 F, A d /2 G), af(F, G) := (A d /2 F, A d /2 G) W 

are continuous on W d / 2,2 , and define equivalent norms on such space. Likewise, the forms 
a Q (F, G) := (A^F, A^G), a%(F, G) = (A^F, A^ 2 G) W 

are continuous on 

W Q/2,2 and + aQ [p,G), {F,G) W + a%{F,g) define equivalent 

norms on 

yyQ/2,2 R <p± &nd thg forms 

a> Q (F,G) := {{A> Q f/ 2 FMQ) 1,2 G), (a' Q ) w (F,G) = ((A' Q f' 2 F,(A' Q )^ 2 G) w 

are continuous on W Q / 2 > 2 and (F, G) + a' Q (F, G), (F, G) w + (a' Q ) w (F, G) define equivalent 
norms on W Q/2 ' 2 fl V. 

By the equivalence of the norms in L 2 (d() and L 2 {WdC) we have that V and V 1 - are 
closed subspaces (in general not orthogonal!) of L 2 {WdC). Therefore, there are orthogonal 
complements to such spaces, and projections 

n w :L 2 ^V, nJ v :L 2 ^V ± . 

Proposition 1.3. Let W G C°°(S 2n+1 ), with W > 0. For < d < Q the operator 
Ad(W) := W~~*3~ AdW~*3- is positive, self-adjoint and invertible, and 

(A d /2 (W)F,A d /2 (W)G) w = (A d /2 F,A d /2 G) VF, G G W d ' 2 > 2 . (1.37) 

There is a sequence {(f>Y} °^ ^ig^nfunctions of A d (W) which form an orthonormal basis of 
L 2 w.r. to the product (F,G)w The corresponding eigenvalues {Xj(d, W)} are positive, 
nondecr easing, and for any r G CON(5' 2n+1 ). 

\ j (d,W) = \ J (d,W T ), W T = (W o T )\J T \ d/Q (1.38) 
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When d = Q the operators 



A' Q (W) := n w W- l A' Q , Aq(W) := w^W^Aq (1.39) 

are positive semidehnite, self-adjoint and invertible on W®/ 2,2 fl Vq and W^l 2,2 fl V 1 - 
respectively, and in such spaces 

((A' Q ) 1 / 2 (W)F, (A' Q f' 2 (W)G) w = {(A'q^F, (A'q^G) (1.40) 

(Aq 2 (W)F,Aq 2 (W)G) w = (A^ 2 F,A^ 2 G). (1.41) 

There is a sequence {4>f} °^ eigenfunctions of A'q(W) which form an orthonormal basis of 
V w.r. to the product (F,G)w The corresponding eigenvalues {Xj(Q 7 W)} are positive, 
nondecreasing, and satisfy (1.38) with d = Q. Similarly for Aq(W). 

Proof. This proposition follows in a more or less straightforward way from the standard 
spectral theory of forms and operators (e.g. see [Sh], Theorem 7.7). For < d < Q identity 

(1.37) is immediate, and the form ( K A 1 J 2 F, A X J 2 F^ is equivalent to ||.F|| W d/2,2. Since W d / 2 ' 2 
is compactly imbedded in L 2 we can find an o.n. basis of eigenfunctions of A^iW). Identity 

(1.38) follows easily from the intertwining property (1.17). Indeed, using (1.17) one checks 
that if A is an eigenvalue of Ad(W T ) with eigenfunction <p then A is also an eigenvalue of 
Ad(W), with eigenfunction <fi o r _1 . The proof of the case d = Q is similar, except that 
the background Hilbert spaces are now V or V ± , and that (1.40), (1.41) follow from (1.29) 
and (1.17) respectively. 

/// 

The operators Ad(W) and A'q(W) are natural generalizations of the corresponding 
operators Ad^A'q, under conformal change of contact form via W. Indeed, from (1.17), 
(1.24), (1.29) 

tVU^Xt" 1 )* = AdiW T ) (0<d<Q) r^^fr- 1 )* = A' Q (W T ). 

2. Adams inequalities 

Adams inequalities in measure spaces. 

Let (M, dfi) be a measure space with n(M) < oo. Consider an integral operator 

Tf(x)= [ k(x,y)f(y)d»(y) 

where / is a nonnegative measurable function on M , and k(x, y) a nonnegative measurable 
function on M x M. Define 

k*(t) = max{ sup k*(x,-)(t), sup k*(-,y)(t)}, t>0 (2.1) 

xeM yeM 
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where k*(x, •) denotes the nonincreasing rearrangement of k(x,y) with respect to the vari- 
able y, for fixed x. Note that for convolution operators of type Tf = K * f on a homoge- 
neous space, the function K*(t) defined by (2.1) coincides with the distribution function 
of K. 

Theorem 2.1. If 

m(k*, s) := \{t > : k*(t) > s}\ < As~ p {l + 0(log" 7 s)) (2.2) 
as s — > +oo, for some /?, 7 > 1, then there exists a constant C > s.t. 



for each / e L^'(M), with I + -1 = 1. 

The condition 7 > 1 is best possible, in the sense that it is possible to find explicit 
examples with 7 < 1 for which (2.3) fails. 

The proof of this theorem is measure-theoretic in nature and it is based on the ar- 
guments originally used by Adams in [Ad], and later extended by Fontana [F] to a more 
general setting. A complete proof of the theorem will appear in a forthcoming paper [FM] . 
In fact, in [FM] a slightly more general result is proven: the conclusion of Theorem 2.1 
holds if the integral operator T acts from L 1 (M, dji) to L 1 (N,di>), where (M 7 dfi) and 
(N, dv) are two (possibly different) measure spaces with finite measure; moreover, it is 
only required that condition (2.2) holds for sup xeA r k*(x, •)(£), rather than k*(t). 

To the authors knowledge almost all the known results concerning Moser-Trudinger 
inequalities in the Adams form are immediate consequences of the above theorem, where 
the integral operator T is used to represent / in terms of its derivatives of borderline 
order. One of the main features of theorem 2.1 is to highlight the fact that exponential 
integrability in the form (2.3) is a consequence of a single asymptotic estimate on the 
distribution function of the kernel of T, and that it is stable under suitable perturbations. 

The simplest case is on a bounded domain of M n , with k(x, y) = \x — y\ d ~ n , p = n/d, 
in which case m(k*, s) = s~ p , and one recovers Adams' original results. Other known 
and new situations are discussed in [FM]. 

We also remark that in all the known cases where (2.2) holds with an equal sign, the 
constant A -1 in (2.3) turns out to be sharp, i.e. if it is replaced by a larger constant then 
(2.3) is not true uniformly in /. This fact can be also formalized in the abstract setting of 
theorem 2.1, under suitable conditions on the kernel k(x,y) [FM]. 



dfi < C 



(2.3) 
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Adams inequalities for convolution operators on the CR sphere 

We would now Hike to apply Theorem 2.1 to a wide class of convolution operators on 
the CR sphere. Let us first introduce some notation: 

7/ 

u = (z, t) ei", E = {ii6H n : \u\ = 1}, u* = (z*,t*) = - — r G £ 

\u\ 



( = C(z,t)eS 2n+1 , 1 —^±± 

1 + C,n+1 



\z\ +it 

£ = C(E) = {(Ci, Cn+i) e 5 2n+1 : ReCn+i = 0} 



(2.4) 



It's easy to see that a function g((,n) is C/(n + 1)— invariant, i.e. g(R(,Rrj) = 
g((,r)), Vi? G £7(n + 1), if and only if g(C, ??) = g(C' v) f° r some g defined on the unit 
disk of C. Furthermore, from (2.4) the function g((- N) = g(( n+1 ) is independent on 
ReCn+i, i-e. it is defined on £, if and only if it is a function of the angle 9 = sin -1 1* . 

A measurable function 4> : [—§,§] — ► K can be viewed as a function on E, via 
(/>(6>) = 0(sin _1 1*), and we will use the notation 



/ (f)du*:= [ ^(sm' 1 t*)du* = uj 2n -i [ ' </>(#) (cos 6>) n_1 d6> (2.5) 



whenever the integrals make sense. The formula on the right in (2.5) is easily checked via 
polar coordinates. Finally, for w G C, \w\ < 1 we let 



1 — w 

9 = 9(w) = arg G 

v ; 1 + w 



7T 7T 

2' 2J 



The main result of this section is the following: 

Q 

Theorem 2.2. Let < d < Q and p = — . Define 

d 

TF(C) = [ G((, V )F( V )d V , F G Z7(S 2 " +1 ) 

where 

G((, v) = 9o (0(C - ^)) d(C, + 0{d(C, V ) d - Q+ ') = 

= 2— g (e(c-v)) \i-c-v\— + 0(\1 - (-vl^), C 17 

for bounded and measurable go : [—■§,§] — > M, with |0(|1 — ? + ) | < C\l — Qr]\ ^ 
some e > 0, and with C independent of £, 77. 
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Then, there exists C > such that for all F G LP(S 2n+1 ) 



/ exp 

JS2» + 1 



A, 



\TF\ 



p i 

d( < C (2.6) 



with 

' 2Q ■ (2.7) 



du* 



for every F G L p (S n ), with ^ + y = 1. Moreover, if the function go(9) is Holderian of 
order a G (0, 1] then the constant in (2.7) is sharp, in the sense that if it is replaced by 
a larger constant then there exists a sequence F m G L p (S 2n+1 ) such that the exponential 
integral in (2.6) diverges to +oo as m — > oo. 

In [CoLul] Cohn and Lu give a similar result in the context of the Heisenberg group, 
and for kernels of type G(u) = g(u*)\u\ d ~® , i.e. without any perturbations. It will be 
clear from the proof below that a version analogous to Theorem 2.2 holds also on IH n (thus 
extending the result in [CoLul]). 

In view of Theorem 2.1 it is enough to find an asymptotic estimate for the the distri- 
bution function of G. This is provided by the following: 

Lemma 2.3. Let G : S 2n+1 x S 2n+1 \ {(£, C), C e S 2n+1 } -> R, be measurable and such 
that 

G((, v) = g(0(C- v)) |i - C- v\~ a + o(|i - c- r7|- a+e ), C + V 

some bounded and measurable g : [— f , f ] — > M, with |0(|1 — (-rj\~ a+e ) | < C\l — C'??|~ a+e J 
some e > 0, and with C independent of £, 77. Then, for each 77 G S' 2n + 1 and ass^ +00 

9Q/2-1 /• 

|{C : \G(Cv)\ > s}\ = s-Q/ 2a — — jf M Q/2c W + O^/ 2 "-*) (2.8) 
for a suitable a > 0. 
Proof. Let 

ig(c, 17)1 < i^(f)i 11 - c- v\~ a + c\i - c - ^r a+e . 

Since the right hand side is rotation invariant we have 

X(s) := |{C : |G(C,»7)| > s}\ < \{( : \g(B)\ |1 - Cn+iT" + G|l - Cn + i|- a+e > 

Now 

|^)||l-Cn + ir a + G|l-Cn + ir a+£ > 8 =► |l-C»+l| < S - 1/a (|^)|+G|l-Cn+l| £ ) 1/Q < G S~ 1/a 
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hence 

X(s) < \{( : |1 - Cn + i| < s-^{\g{e)\ + Cs-^) 1/a }\. 

Let 

0( u *, s ) = s - 1 ' a {\g{e)\ + Cs-^ a ) 1/a < 1, s > s 
so that from (1.2) and polar coordinates 

2 Q-i 



aw < / 



{ T' 2 4 172 <*(«•,*)} (1 + 2\z\ 2 + \u\ 4 ) 

L (l + 2|z| 2 + M 4 ) 1/2 '> V 11 '11/ 



n+1 



2 Q-i r Q-i 

dit* / XT^ 



< / <itt* / xr^ r 

is J{2r2<^(u*, s )(i+^( W *, S ))} ((l + 2r 2 |z*| 2 + r 4 ) + 

/ ^' S ) Q/2 ( 1 + ^^)) Q/2 ^*- 

oQ/2-1 /• 

< s -Q/2a^_^ / \g\QI*<* du * + (s- Q l 2a -' T ) 
Q J-£ 

the last inequality being a consequence of \(x + y) a — y a \ < fo™^ 1 '"', valid for a > 0, 
x,y E [0, If] some fixed if > 0, and with C depending only on K and a. 
To show the reverse inequality, by hypothesis 

ig(c, 77)1 > i<7(0)i ii - c- - ^ii - c- v\~ a+e 

for some D > 0, so that 

A(a) > |{C : l<7(#)l |1 " Cn+il"" -D\l- Cn+i|- a+e > s}\. 
If |^(^)||l-Cn + i|- Q -^|l-Cn + i|- a+e >s, then 

|l-C»+i| < 8- 1/a (\9V)\ - D\l - Cn+il^ < s-^lgm 1 /*. 

Hence 

{C: \g(9)\ >D\g(6)\*/ a s-*/ a , |l-Cn+i| < s" 1/Q (bWI-^bWI 6 /^- 6 / ) 1 ^} C 
C{C : |1 " Cn + i| < s- 1/a (|s(#)| - £>|1 - Cn+i| e ) 1/Q } 
Without loss of generality we can assume that e < a, so that if 

E a = {u* E S : > Z%(6>)| e/a s- £/a } = {w* : |#(6>)| > £«/(«-0 s -e/(«-0 j 
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and 

<P(u\s) = s- 1 '* (\g{9)\ - D\g(e)\*/«s-*/«) ^ Xe.W < 1, * > *o 

then 

r 2®- 1 

\(s)>\{(: \l-Cn+i\<<P(u\s)}\ = 



*lr.... . .i — ^Q du = 2Q ~ 1 L . .. .,(1 + 0(1^1)) 



(2|u|2<^(i i *, S )} (l + | U |2) V J{2|u|2<^,( u *, s )} 

2*3/2-] 
<2~ 



= s -Q/^^ll f \ g \Q/^ du * + 0(s -Q/2a-.' } 

Q Je 3 

oQ/2-1 /• 

= s -Q/2 a ^_^ / |^|0/2«d U * + O( S -«/ 2o[ - ff ), 

Q is 



for suitable a, a' > 0. 

/// 

Theorem 2.2 is a straight consequence of Theorem 2.1 and Lemma 2.3. The statement 
about sharpness, on the other hand, follows from the same general philosophy originally 
used by Adams and later by Fontana, Cohn-Lu and many others. In our case it is possible 
to check that the sequence F m in the statement of Theorem 2.2., can be chosen as 

( \G(J4,r])\ d /^-^ sgn(G(J4,7])) if |G(N,t/)| <m, d(Ji, rj) > 2m" 2 /^" d ) 
/•-('/I ' ' ' (2-9) 

^ otherwise. 

The calculations are similar in spirit as those in [CoLul], with some added complications 
given that we are now working on the sphere rather than H n . The smoothness hypothesis 
on g can be also relaxed a little to a Dini-type condition such as that of [CoLul]. More 
detailed work on this will appear in [FM], where the proof of the sharpness statement 
appears as an immediate application of general "abstract" theorems on measure spaces. 

Adams inequalities for operators of d—type on Hardy spaces 

For a given d G (0, Q), we say that a densely defined and self-adjoint operator P d on 
H is of d—type if 

PdYjo = v j0 Y j0 , VY j0 E H j0 (2.10) 
for a given sequence {/Ujo} such that for j — > oo 

< ^oo < fiio < »20 < ... %o = j d/2 + a x fl 2 -^ + ... + a m // 2 - £ ™ + 0(j d / 2 ~^) 

(2.11) 
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for some < e\ < e 2 < ... < e m +i with < e m+ i. From this condition it follows 

that Ker(P^) is finite dimensional, and that P d is a continuous operator from W d ' 2 n 7i 
to 7i. More generally, one defines operators of <i— type on 7i p as densely defined operators 
satisfying (2.10) and (2.11). Note that by (2.11) the operator Pd can be written on C°°nH p 
as a finite sum of powers of the sublaplacian, up to a smoothing operator. Pd is a continuous 
operator from W d,p D 7i p to W and invertible if restricted to Ker (Pd) ± with 

Ker (Pd^ := {F EH P : [ F<f> k = 0, k = 1, ...mj 

Js 2n + 1 J 

and where 0i, m denote a basis of Ker(P^), the null space of P^. Operators of d— type 
on H and P p are defined similary, and the spectrum of such operators is denoted by {/J-oj} 
and {/Ujo, A*0j} respectively, where the /it's satisfy a condition of type (2.11). 

From the previous section it is clear that in order to obtain Adams inequalities for 
operators of this sort, all we need to do is to have an estimate on their fundamental 
solutions. Here's the result we need: 

Proposition 2.4. If Pd is an operator of d—type on 7i p then a fundamental solution of 
Pd is defined by the formula 

in the sense of distributions and pointwise forQ^n and . Moreover, the following expan- 
sion holds: 

PI\C, n) = (i - C- ^ + 0(\i - c- rj\^) 

for a suitable e > 0. Likewise, if Pd is an operator of d—type on V p then a fundamental 
solution of Pd is defined by the formula 

in the sense of distributions and pointwise for ( ^ r\. Moreover, 



P-\C V) = <2 ^\ Re (1 - C- v)^ + 0(|1 - C- 



= g d (9) d((, nf-Q + 0(d((, ri) d ~^) = 

= 2^g d (9) \l-(-v\^+0(\l-C- V\^ + ") 



for a suitable e > 0, with 

- + 1 TfQ-d 



g d (0) = cos (V *)■ ( 2 - 12 ) 

<^2n+l Til 
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Proof. Suppose that /jj > for j > j , so that for < r < 1 



The given hypothesis on the /Ujo's implies (in fact it is equivalent to) 



^•o r(j + i) 



=j 2 +«u' 



-l-ei 



. Q-d 



for possibly a new set of e's such that < e\ < e 2 < ... < e m , with ^L-^ — e m > 0, and for 
some e' > 1. Here we use that 

r(^ + q) „a-/3/ r 1 , „ „-l , „ „-2 , , „ — iV I ~ — 

———— = z ^(i + Cl z + c 2 z +... + c N z +(J(z )) 
any iV > 0, for \z\ — > oo. Using the above expansions we can then write 

i rjj + 1) r(,+ V) " r(j + y-e p ) , 

and the same expansion, with possibily different a's and e's, holds for the fioj. Using the 
binomial expansion we get 



i>j'o 



r (j + 1) ^jo 
-alog(l- J RC-^) + 0(l). 



P =i 



This identity implies the statements in the case Pa defined on W. The case P^ defined on 
V p follows immediately. 

/// 

Theorem 2.5. Let Pd be an operator of d-type on V p , then there is Cq > such that for 

any F e W d ' p n V p n KerfP^ and with p=%, - + = 1 we have 

d p p 



I 



exp 



A, 



with 



A d 



\PdF\\v 
2Q 



d(<C 



(2.13) 



(2.14) 



\9d\ p du* 
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and gd{0) as in (2.12). In the special case d — Q/2 (i.e. p = p' = 2) 

UJ 2 n+l(n + 1)! , U n+l (OTK\ 

A Q/2 = 2 -(n+l)7r (2.15) 

and tiiis constant is sharp, i.e. it cannot be replaced by a larger constant in (2.13). 

IfP d is ofd-type on W, then for any F G W d ^ p nH p nKer (Pd)- 1 both (2.13) and (2.14) 

hold with gd = ; — . In the special case d = Q/2 we have An i 2 = <^2n+i(^ + l)' = 

n\U2n+l 

2(n + l)7r n+1 and this constant is sharp. 

Remark. The proof below does not seem to yield the sharp constants for p ^ 2 (see 
(2.19)). 

Proof. Estimate (2.13), for Pd acting either on V p or 7i p , follows at once from Theorem 
2.1, Lemma 2.3 and Prop. 2.3. As for the case d = Q/2, the computation of Aq/ 2 is based 
on (2.5) and the formula 

Z" 71 "/ 2 i /■ 7| 7 2 f^y(n\ 

J o cos 2 m±e) (cos ey-'de = - jf (a**)"- 1 ^ = 

together with the duplication formula T(n) = (2n)-^2 n -^T(^ )r(^±i) . 

To find an upper bound for the best constant in (2.13), we consider for < R < 1 



MC) = Re Wd^o. ', R k C +1 = Re(l-RC n+1 )-^+0(l) 

k>k L \2) L L ) 

where /Jfco^ofc > for k > k . 

From the proof of Prop. 2.3 we know that 



n\u 2n+1 p-\Q, rj) = 2T(3^)Re (l- C .^+£ a i r(^^)(l -(-r})^ 



i=i 

d-\-o-j—Q 



+ ^ 6i r(«=*=a)(i - C-v)^~ - oio g (i -C-v)- 6io g (i - C-v) + 0(1), 

3 = 1 

for some constants ai,bj,a,b,6i > 0,aj > 0. If Pd is the operator with fundamental 
solution 

r(V) _,^*=a_ i ^ r(fc + gg) 

n!^ 2n+1 (1 C,??j 2 n!^ 2n+1 ^ r(fc+l) 
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then from (1.10) 

Pd ~ lfR{0 = \ % r r (f)r(l+i% + i) RkC+1 + 



1 i 1 



2T(I) 



R(n+1 



+ 0(1) 



and the corresponding formula is valid for the conjugate operator. Likewise, for an operator 

^ d' — Q 

Pd with fundamental solution of type (1 — Q- r\)~^~ , d < d < Q or of type log(l — ?y), 
and their conjugate operators, we obtain P d ~ 1 fR(() = 0(1). Hence we obtain 



*77*(C) 



i 



r(f) 



log 



1 



1 — -RCn+1 



+ 0(1) 



LetF fl (C) = /fl(C)r(f)(log r i s ) 1 andfi fl = {(G5 2 "+ 1 : \1 - Q n+1 \ < 1 - R}. Then 
P fl G P p D Ker (Pd) 1 - and 

P d - 1 P it (C) = i + Vi?(C), |^(C)| <C(log r ^)" 1 = °( 1 ) 5 CeO fl , P^l (2.16) 



(use that, on 

Now if (2.13) 



<log(l + |C„+i|)<log2). 



lolds with constant P, then 

l-o(l)^ 



| Or | exp 



P 



<C 



II^IIp 

It's easy to check that \£Ir\ ~ c(l — P) n+1 , as R — > 1 (for example as in the proof of 
Lemma 2.3), with a = 1, s = (1 — P) _1 , which also gives c = 2 n |E|<5 _1 ). From this we 
obtain 



Q 

B < — lim Ioe 



1 



\\FrV 



2 rZ\~° 1-R u ' 11,1 p 
provided that the limit exists, which is what we are going to prove now. 
We have 

p' / r \ p'" 1 



(2.17) 



\\F> 



R 



IP 



r(f) 

log 13. 



R 



Re(l-R( n+1 )—\ p d( 



g2n+l 



so it's enough to evaluate 



/ l N -i 

lim log — 

fl-i V 6 1 - R 



g2n+l 



Re(l-PCn+i)- | |^C 



To this end let us recall that 1 — Cn+i = (1 + Cn+i) |w| 2 e^, i.e. Cn+i 



1 - 


?1 


2^9 


1 + 


u 


2 e i6 



(2.18) 
Observe 



that in (2.18) we only need to integrate over the region \u\ < 1. Letting e = y^f, an d 
(p € (u) = arg(e + |-u| 2 e i61 ) we have, for \u\ < 1, 

Re (1 - RCn+i)- d/2 ~ 2" d / 2 Re [(e + \u\ 2 e w y d ' 2 (l + \u\ 2 e i6 ) d / 2 

= 2~ d / 2 (e 2 + 2e\u\ 2 cos + |w| 4 )" d / 4 [cos (f <p e ) + 0(\u\ 2 )] . 
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Using the Cayley transform and polar coordinates 



1 — ttJ J g2n + l 

2-0/2 



e 







2 2n+1 [| cos 




o/ d + o( 


it| 


2 )] 


(e 2 + 2e|u 


2 cos + 


u 


4 )0/4(l + 2 


u 


2 


2;* 


l 2 + 


u 





2 n f 1 f r Q_1 |cos(f </? e ) 



-drdu* 



2 n /•! /• 

log ± Jo is (e 2 + r 4 + 2r 2 e cos 0)0/4" 

on-l /-1/e /• Q / 2 \ 0/4 , 

- — t- / / |cos(f tan- 1 ^^)!^!- ^— -) —du* 

loglJo 7 E 1 V2 i+rcose;i + r 2 + 2rcos0y r 

2 n_1 / |cos(f0)|^du* 



so finally we obtain 



S <|(r(f))^ 2 Q/2- 2 y |cos(^(9)|^du 



E 

If -Bsharp is the sharp constant in (2.13) then we have the bounds 

)Vp' 
Ifi^li? 



< < ^f=±i 1^11, (2.19) 



where ^ is defined as in (2.12) and where ||<7d||p is the norm in the space L P (E). The right 
hand side in (2.19) is strictly bigger than the left hand side, unless p = 2, i.e. d = Q/2, in 
which case they are equal. This can be seen via Holder's inequality 

\\9Q- d \\ P \\9d\\ P ' > [ g Q - d (e)9d(0)du* = — i— (2.20) 

where the last identity follows from 

/V 2 2~ n 7rT(r>) 
cos(a0) (cos 0)^0 = r(n+ , +a)r( U,_ Q) , (2.21) 

which can easily be verified by induction. Equalities in (2.19) hold if and only if equality 
holds on the left in (2.20), which happens if and only if g d is a multiple of 9q_& or d = Q/2. 
Moreover in this case we obtain the sharp constant given in (2.15). 

The argument for the case Pa acting on W is similar. This time we consider 



MO = £ T (})r(k + i) Rkc " +1 = Re{1 ~ RCn+l) ~" + 
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where fiko > for k > k , which obviously belongs to H fl Ker(P d ) ± . The argument 
proceeds as before. We have now 

n!cu2n+i-P d ~ 1 (C7 v) = r(^^)Re (1 — (■ rj)^~ + ( more regular kernels ) 

and 

so if we let F R (() = / fl (C)r(| ) ( log j^) ~\ then (2.16), (2.17) still holds and 

r(f) ^ p '' ' ~ ^ 



(™)'(/ ii-^i-^Y 



and one can proceed as before (with easier calculations) with g d constant, given in the 
statement of the theorem. Details are left to the reader. 

/// 

Adams inequalities for powers of sublaplacians and related operators 

In this section we obtain sharp Adams inequalities for £ d / 2 , and more generally for 
powers of operators of type L 0) & := aCn + bCix^, where ti 1 - := I — n on L p . We will 
need these inequalities later on (see the proof of Prop. 3.4). Again, the first step is to 
have estimates on the fundamental solutions of these operators; for sake of exposition we 
postpone the proofs of these estimates at the end of this section. 

The starting point is an explicit formula for the fundamental solution of the powers 
of the H n sublaplacian: 

C- d/ \u^) = \G d (6)\u\ d - Q (2.22) 

on+l-pf Q-d \ ( r oo d_ 1 ns \ 

G d {6) = T[ i } Re\e^ e [ ( —^A 2 ^ds) (2.23) 

which was derived first by [BDR] in case d an even integer, and later by [CT] for any d < Q 
using the heat kernel approach. 

Proposition 2.6. The fundamental solution ofV d / 2 , for < d < Q, satisfies 
V~ d '\C V) = G d (6)d(C v) d ~ Q + 0{d(C v) d ~ Q+e ) 

d-Q , , d-Q . ,d-Q + e x V^'^J 

= 2— G d (e)\i-c-f}\— + o(|i - c-^l — 5 — ) 



with G d (9) as in (2.23), a bounded and positive function. Moreover, 

|^- Q/2 (C,^)l<C(l + |log|l-C-?7||), \V- d / 2 ((, v )\<C ifd>Q. (2.25) 
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Corollary 2.7. The fundamental solution of £ d / 2 (0 < d < Q) satisfies 

c- d /\(, V ) = G d (e)d((, V ) d -Q + o (d(c, V ) d - Q+ ') 

with G d {9) as in (2.23). 



(2.26) 



Corollary 2.8. Let < d < Q and 

L a ,b '■= clCti + bCn ± , a, b > 0. 

Then L d J^ is continuous on W d,p and invertible on the subspace of functions with zero 
mean. Its fundamental solution satisfies 



T -d/2 



d-Q 

2 — 



9d{9) , gi(6) 



+ 



(an/2) d / 2 b d / 2 



l_ C .^|^ + 0(|l-C-r7|^ +£ ) 



d-Q 



g d L (d) = G d (d) - 



9d(6) 



(n/2) d / 2 

for a suitable e > 0, and with g d {9) as in (2.12), and G d {9) as in (2.23). 



(2.27) 
(2.28) 



The following result yields more information on the function G d (6), and it will be 
useful in the explicit computation of sharp Adams constants for the case p = 2. 



Proposition 2.9. G d {9) has the following trigonometric expansion 

9k,d( d ) 



Gd(9) = £ 



_^ ,d/2 
k=0 A k 



(2.29) 



where 



2^+i " (-l)'r(A; -i + d/2- 1)T{£ + n - d/2 + 1) 



9k,d{0) 



E 

1=0 



F(d/2-l)T(k-£+l)r(£+l) 



(2.30) 



if d 7^ 2, with the series converging in the sense of distributions, and 

(-l) fc 2 n+1 T(k + n) 



9kM 



u) 2n+ in\ T(k + l) 



Moreover, 



L 



„ 4T(k + n) 

9k,d 9j ,Q-ddu = 7rn+ i r(n)r(fc + 1) ^*- 



(2.31) 



In particular note that g d (6)(n/2) d l 2 is the first term in the expansion (2.29), and 
this justifies the notation gj in (2.28) (Cf. also (2.20)). Formula (2.29) appeared in [BDR], 
for the case d an even integer, while the orthogonality relation (2.31) seems to be new. 
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The following is now an immediate consequence of the above results combined with 
Theorem 2.2, (for the sharpness statement see (2.9) and the comment thereafter): 

Theorem 2.10. Let L a ^ = aCn + bCn 1 - (a, b > 0). Then there is Co > so that for any 

F E W d,p with zero mean and with p = — , - + — = 1 

d p p 



exp 



S2n + 1 



A d (a,b) 



I T d / 2 771II 



d(<C 



with 



A d (a,b) = 



2Q 



9d{0) , gi(0) 



+ 



(an/2) d / 2 b d / 2 
and the constant A d (a, b) is sharp. If d = —, or p = p' = 2 



du* 



A Q/2 (a,b) = 



^2n+l(n + 1)1 



k=l 



(2.32) 



(2.33) 



(ir i +^£(*r7 i >+f)- 1 



(2.34) 



Corollary 2.11. There is Co > so that for any F e W d,p with zero mean and with 

Q 1 1 , 

p = 77' ~ + — = 1 
d p p 



J 



with 



exp 



A d 



{||J/ 2 F|| P 
2Q 

\G d {9)\ P ' du* 



d(<C 



and the constant A d is sharp. If d = or p = p' = 2 



L Q/2 



(n+ l)(n- l)ln n+1 
{k + n-l)\ 

. n+l 



E 



In particular, 



fc=0 ^ + f ) 
4 ifn = l 



l Q/2 = < 



18tt 

192 7T 2 
I 12 - 7T 2 
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if n = 2 



if n = 3. 



(2.35) 



(2.36) 



Remarks. 



1. The constant in (2.36) can be computed in principle for any given n, by using partial 
fractions and the values of the Hurwitz zeta function X^o°(^ + a ) _s > when a = n/2 and s 
is even. 

2. By means of Prop. 2.6 Corollary 2.11 above holds also for T> d l 2 with the same constant 
as in (2.35) (and for all functions in W d ' p ). 



Proof of Proposition 2.6. Start with formula (1.7), which for convenience we rewrite 

as 

Cq^J 9 * 1 (F o C)} = J 9 ¥{VF)oC (2.37) 

with 

J = (2|Jc|)* = 1 + 2k p + N4 = 4 + 0(|«| e ) (2.38) 

for any < e < 2. 

By (1.2),if( = C(u), V = C(v) 

d(C,7/) = d(u,u)J(u)3J(u)i. (2.39) 

Let's first assume that d = 2N is an even integer. If N = 1 then use (1.6). If N > 1, 
from (1.6) 



V- N ((, V )=c» / n^" 1 '^) 2 " ^ 1 -^" 1 (2.40) 

with C° = C) = It's easy to see that this quantity is bounded in (£, 77) over the 
region d((,i]) > 1, (write 5' 2n + 1 as a union of the regions {(C 1 , ■■■X N ~ 1 ) e (g 2 ^ 1 ^- 1 : 

^(C J - 1 ,C J ) = maxi^jvdCC*- 1 ,^)}, i = l,-,iV- 1; in that region d(C j ~\C j ) > ^V" 1 ), 
so it's enough to consider the case d((, rf) < 1. 
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From (2.39) and (2.38) with suitably small e, and with C = C(u*) 

N N-l 

V- n ((, V ) = 4J(u ) 2 -^J(u n ) 2 -^ / Udiu^yf-^ IT J(u*) 2 -^\J c (u*)\du 1 ...du N - 1 

Ah")^- 1 t=i t=i 

r N N-l 

= 2-( n -^4J(u°) 2 -^J(u n ) 2 -^ / Wd^yf-Q TT Jiu^duK.-du"- 1 

r N 

= 2 N - 1 c%J(u°) 2 -^ l J(u N ) 2 -^ / l]d(u i -\u i ) 2 -Q(l + 0(\u 1 ^ + ...\u N - 1 n)du 1 ...du N - 1 



2 2Ar " 1 J(«°) 2 -^J(u N ) 2 -^ Co N (u\ u N )+ 



N-l „ AT 



+ 2^- 1 C ^J( W )^J( W 7V )^ V / ff \(u i )- 1 u i - 1 \ 2 -®\u k \*du 1 ...du N - 1 

k=i V")^ 1 i=1 

(2.41) 

By translation and homogeneity each term in the sum is O(\(u N )~ 1 u \ 2N+e ~Q), where 
e very small, and so from (2.22) we obtain 



V~ N (C, rj) = A N - 1 J{u)^ ± J{v) 2 -^ [G 2N {6)d(u, v) 2N ~V + 0(d(u, v) 2N +^) 
= A N - 1 J(u) ^J(v)^ \g 2N (9)d(C, v) 2N ~ Q + O (d(u, v) 2N +^) 

By rotation invariance of T>, we can assume that r\ = "N, i.e. v = 0, and the condition 
d(C,v) < 1 implies (using (2.39)) that \u\ < 3 -1 / 2 . Under these condition the above 
formula immediately gives (2.24). 

Now assume d = 2a, with a G (0,1). By a well known formula ([RS], p. 317) for 
< a < 1 

^ Jo 

From (2.37) we obtain 

(OD + A)- 1 ^) oC= (j-^CoJ^ +\y 1 {FoQ = J^{£ + \J)- 1 J 2 ¥{FoC) 
that is, if C = C(u), r\ = C(v) and using (2.38) 

POO 

(V + X)- 1 (C,r ] ) = 2J(u)^J(v)^^^ / \- a (C + XJ)- 1 (u,v)dX 

7T Jo 



and also 



/•OO 
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Now we would like to invoke the Feynman-Kac formula, in order to write e ~ T ( Co+x J ) ( U) v } 
explicitly, and so a small preamble is necessary. First, the heat kernel P(r, u, v) for the 
sublaplacian Cq is a symmetric, positive C°° function [G] , that defines a strongly continu- 
ous, positivity preserving contraction semigroup on Co(IHI n ). The corresponding Brownian 
motion with initial distribution 5 u =Dirac's measure at u e H n is defined by a measure \i u 
on the Skorohod space CP of sample paths B (right continuous functions with left limits 
on [0, oo), valued in the compactification of H n , and staying at the point at infinity after 
hitting it), endowed with the a-algebra JF generated by the coordinate functions on CP. 
The conditional or pinnned measure n^ v t on CP is the probability measure defined by the 
transition function 

^um ^ t -%xIT' u) (2 - 42) 

on the space (CP, J-o, T ), where J-q jT is generated by the coordinate functions in CP up to time 
r. Such measure identifies the paths that with probabiliy 1 start at u and end at v at time 
t. The nonhomogeneous pinned measure, or conditional Wiener measure, is then defined 

as 

(J>u,v,t = P(t, u,v)nl tV>T , 
ad the Feynman-Kac formula (or one version of it) states that 

e- T{Co+XJ \u,v) = ^exp J{B a )d^j d/j u , v , T (B) 

with continuity in (u,v) (see DvC]...). 

With the aid of this formula we easily conclude that 

V~ a (C, V ) = 2J(u) 2 -^J(v) 2 -^ S -^T(l - a) J^JJ^f J(B,)da^j d^ u , v , T {B) dr 

-i />oo /> / rl \a — 1 

= 2J{u)^J{v)^^J ^VcpWo J{BaT)da ) d Vu,vAB)dr 
But 

»1 \a—l 



(jf J(B aT )da^j =* a - 1 + 0(J (\B aT \ 2 ^ + \B aT \^-^)do^ 



by Jensen's inequality and the fact that J < 4, so that 



4 a - 1 Co a (u,v) + 

+ °Uo° 7M ~ 1 LIo (|SfJr|2(1_a) + \ B ^\ 4(1 - a) )dadf, u , v , T (B)dr^ 
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By rotation invariance of V we can assume v = 0, from which we can handle the first term 
of the above identity as we did for (2.41): 

2-4 a - l J{u)^J{v)^Cv a {u,v)=4 a - 1 J{u)^J{v)^G 2a {e)d{u,v) 2a - Q 

= 4 a - 1 j(u)^j(v)^G 2a (e)d(c, v ) 2a -^ = G 2a (e)d(c, v ) 2a -^ 

To estimate the error term note first the formula 

/ / f(B T(J )dad/i u , VjT (B) = / / P(ra,u,w)P(r-ra,w,v)f(w)dadw 
Jt Jo Ju n Jo 

which is a consequence of (2.42), and valid for nonnegative measurable /. From (4.7) of 
[BGG] we have the estimate 

P(t, u,0) < Cr- Q / 2 e~ c \ u \ 2 / T 
for some constants C, c > and therefore, for 7 = 2(1 — a) or 7 = 4(1 — a) 

pOO p p 1 

/ r"" 1 / \B aT Pdad^ v , T (B)dT< 
Jo JyJo 

<C f (a(l-a)y Q/2 da fr"" 1 ^ / e -c\ w ~^ /(r,)-c\ w \ 2 /(r-ra) \ w y dwdT . 
Jo Jo Jm n 

We estimate the (a, r) integral by splitting the a-interval in half. 

pl/2 poo 

/ da / ((7(1 - a ))~ Q/2 T a - 1 - Q e- c \ w ' lu \ 2 /^- c ^ 2 /^- T ^dr < 
Jo Jo 

pl/2 poo 

< C / da -Qli T ^-Q e -\™-^l^)-^?lr dT 

Jo Jo 

poo poo 

< da a Q/2-2 T Q-*-i e -cT*c\ w -^-2cT\ w f dr 







Using the estimate ff° a x e~ aA da < CA- x - 1 e~ A / 2 (for A, A > 0) we get that the 
above integral is bounded above by 





poo 








I 







-Q/2+a-l 

w u \ + \w\ 



Likewise, 



pi poo 

/ da / (a(l - a ))~ Q/2 T a - 1 - Q e- c \ w '' lu \ 2 '^- c ^ 2 ^ T - T ^dT < 
J 1/2 Jo 

r Q/2- ae -2cT\ W -^-cT\ W \ 2 /2 dr = C \w\ 2 - Q (iw^ul 2 + \W\ 2 ) 



■Q/2+a-l 
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Combining these two estimates together 

/•OO r pi 

/ r"" 1 / \B aT \^dad/j u , v , T (B)dr< 
Jo JyJo 

<C [ (h- i W | 2 - Q + | W | 2 - Q )(^- i W | 2 + i«;| 2 )" 0/2+a "Vr^<^i«i 2Q " 0+7 

JW 1 

where the last inequality comes from the homogeneity in it of the last integral, and the 
fact that the integrand is in L 1 , for 7 = 2(1 — a) or 7 = 4(1 — a) and «^0, (which makes 
the whole thing continuous on the Heisenberg sphere \u\ = 1). Note that 2a + 7 < 4 < Q. 

The general case d/2 = N + a, N e N, a G (0, 1) can be handled by writing V~ d/2 = 
X>~ N V~ a and combining the asymptotic expansions so far obtained. 

Notice that the positivity and boundedness of Ga is simply due to the homogeneity 
of the Heisenberg heat kernel P(r, Ait, 0) = A~ Q P(rA~ 2 , it, 0). With this formula we have 

1 f°° 

\G d {e) = — [ - r^P^^dr 
1 (2) ^0 

which is positive and bounded, as the heat kernel is smooth and positive away from the 
origin. 

Finally, if d > Q, from (2.40) (which is valid for any N) we need only assume d((, rj) < 
1, and also r\ = X, v = 0, and |ix| < 3 -1 / 2 . Moreover 

v~ d /\c v) = v-^v-^ (c, V ) < c [ d((, d+1 ~ 2Q d(t vr 1 ^ = 

dw 



\w l u\ 


d+1 


-2Q 


w\ 


-1 


1 + 1 


10 


d 



and by splitting the integral over the two regions {w : \w u\ < 5|ix|} and {w : \w u\ > 
5|it|} one can easily see that the integral is bounded in u if d > Q or 0(log if d > Q. 

Ill 

Proof of Corollary 2.7. Recall that V = C + = C + A 2 ,. For any iV G N 

( Aj . Ai - Ar ^ = (AjAt) -^g-I^(^L) P + 0((A^)--) 
for (j, fc) 7^ (0, 0). Now it's easy to see that for any fixed a > Q/2 and any j, k 

||<Moo = (XjXkT^Wv-^jkW^ < ciXjXk^WQjkh = 

= Cm^X^Y/ 2 < C(Xj + A fc )(A J A jt )"- 1+Q / 2 
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with C independent of j, k. This means that for N large enough the series ^ ■ k (\j\ k )~ N ~ 1 Qj k 
converges absolutely and uniformly on S + x S +1 , and that the asymptotic expansion 
of L~ d l 2 is determined by that of V~ d l 2 + a{D~ d l 2 ~ x + ... + atqV~ d l 2 ~ N ', some constants 
cij, which gives (2.26) by the previous proposition. 

/// 



Proof of Corollary 2.8. It's enough to observe that the operator (^C) it satisfies 
the hypothesis of Prop. 2.3, as an operator on V . The rest is a consequence of Prop. 2.3 
and Corollary 2.7. 

/// 



Proof of Proposition 2.9. The expansion (2.29) follows easily as in [BDR], but using 
formula (2.23) and writing (1 - e- 25 )^/ 2 - 1 an d ( e 2 ^ _|_ e -^^-(Q-d)/2 ag bi nom i a i series. 
To show (2.31) we proceed by brute calculations, leaving some details for the reader to 
check. 

Assume for now that d is not an even integer. From (2.21) it is straightforward to 
check that for given £' e N 

/ g k , d cos[(2£'+^)e]du* = 2oj2n-i [ ' g k ,d{p) cos [{ 2i ' + I ) d ] (cos9) n - l d9 = 

JE JO 

_ 2 2 ~ d / 2 * (-lYr(k-£ + l-l)T(£ + n + l-l) (2 ' 43) 

~ T(| -l)f^ T(k-£+ 1)T(£ + 1)T(£ - £' + n + 1 - f )T(£' - £ + f ) " 

The sum in (2.43) can be evaluated explicitly as follows. Write the right hand side of 
(2.43) as 

2 2-d/2(_ 1 y'+k+i r(n + 1 - f )T( -f -f + 1) 

r(g-i)r(fc + i) ' r(-k- d 2 +2)T(-£' + n + i- d 2 ) x {2U) 

x 3 F 2 (-k,n-± + l,-f-± + l;-k-± + 2-t' + n +l-±) 

where 3-F 2 (— k, a, 6; c, d) denotes the classical terminating Saalschiitzian (balanced) hyper- 
geometric series (evaluated at 1), i.e. with d = 1 + a + b — c — k. Such sum can be explicitly 
evaluated using Saalschiitz's formula (see e.g. [EMOT] 2.1.5 (30), 4.4 (3)) 

v r i u j\ {c- a) k {c-b) k 

3 F 2 (-/c, a, 6; c, d) = —— — , (a) k = a(a + l)...(a + k-l). 

(c)fc(c -a-b)k 
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With this formula we obtain that (2.44) vanishes if £' < k, whereas if t' = k then (2.43) 
equals 

2 2 ~ d / 2 (-l) fc r(fc + n) 
T(n)T(k+l) 

If now j < k, write gj,Q-d using (2.30), but as a sum over £' and integrate against gi-,d : if 
j < k each term is 0, if j = k then the only term that survives is the one corresponding to 
I' = k which yields precisely (2.31). 

The case d an even integer follows now by continuity. 

/// 



3. Beckner-Onofri's inequalities 

The goal of this section is to establish the sharp Beckner-Onofri inequality for real 
CR-pluriharmonic functions on the sphere: 

Theorem 3.1. For any F G W Q/2 > 2 H WP we have the inequality 

j FAqF dC+jFdC- log-f e F d( > 0. (3.1) 

The inequality is invariant under the conformal group of S 2n+1 , in the sense that the 
functional on the left hand side is invariant under the action F^F T = For + log \J T \, 
for r E CON(S 2n+1 ). Equality in (3.1) holds if and only if F = log|J T |, for some r E 
CON(S 2n+1 ). 

There is a corresponding version of (3.1) for general complex-valued CR-pluriharmonic 
functions F: 

2(tz + 1)! j^Q Fd C+f^FdC- \ogj- e ReF d(>0. 

but it is a trivial consequence of the real-valued case. 

As we mentioned in the introduction, the proof of this theorem is based on the original 
compactness argument given by Onofri in dimension 2, and later perfected and extended 
to any dimensions by Chang- Yang, to provide an alternative proof of Beckner's result. 

Define once and for all 

J[F) = ^T)T / FA Q F dC+fFdC- log-f e F dC, 
for any F G W Q/2 > 2 fl MP. 
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We divide the proof in three main steps: 
I. Conformal invariance of J 
II. Existence of a minimum for J 
III. Characterization of the minimum. 

Step I: Conformal invariance of J. 

Proposition 3.2. The conformal action F—^F t = Fot + log|J T | preserves WP and 
W Q / 2 ' 2 f]WP. Moreover, such spaces are the minimal closed subspaces ofL 2 (S 2n+1 ), W®/ 2,2 
respectively, which are invariant under the conformal action. Finally, J[F T ] = J[F], for 
all F G W®/ 2 ' 2 n WP. 

Proof. Since the conformal transformations are restrictions of biholomorphic mappings 
on the ball, then For G WP if F G WP, and likewise for the invariance of W Q / 2 ' 2 C]RP. For 
t conformal, using (1.14) we see that that log \J T \ G WP. Any subspace M of 1? invariant 
under the action must contain the orbit of the function 0, i.e. all functions of type log \J T \', 
thus (still from (1.14)) every function of type C — QRe log(l — ( • oj) must be in M, for 
any given u G C n+1 , \u\ < 1. If M is also closed, then it contains all w-partial derivatives 
of such functions, evaluated at u> = 0, and therefore M contains every real pluriharmonic 
polynomial and hence all of WP. 
Next consider the functional 



29 



with 9 = — — - . This functional is invariant under the action G — > G T $ = (G o r)| J T \ e ; 
this follows from (1.17). One easily checks that as 6 — > (i.e. d — > Q) 

J d [l + OF] = j FA d F d( + 26 j F d( - 29 \ogj e F d( + 0(9 2 ) 

so that if F G W Q / 2 > 2 n WP, using (1.28) we obtain 

J d [l + 9F] = 2J[F] 



d_ 
d9 



9=0 

On the other hand G Tj9 = (1 + 9F) T = 1 + 9F T + 0{9 2 ) so that J d [(l + 9F) T ] = J d [l + 
9F T ] + 0(9 2 ) and by differentiation this implies J[F] = J[F T ] if F G W Q / 2 ' 2 n WP. 

Ill 
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Note. In the Euclidean S n the minimal subspace of L 2 invariant under the conformal 
action is the whole L 2 . Indeed, in that case, the log \J T \ are of type C — nlog |1 — ui • (\, 
with uj G M n+1 , |u;| < 1. An argument similar to the one used in the above proof shows 
that the orbit of the function is dense in L 2 . 

We remark that the proof above is an adaptation of Beckner's argument in [Bee]. 
Another possible proof of Prop. 3.2 can be given directly as in [CY], without appealing 
to the intertwining property of Ad, but working directly with A'q. We chose Beckner's 
argument since it shows how the putative sharp, conformally invariant Sobolev inequality 
Jd[G] > i.e. 



l-GA d Gd( > 



r(Q_d) 



\G\ 



2Q 
Q-d 



(3.2) 



would imply Beckner-Onofri's inequality (3.1), for the Hardy space. Inequality (3.2), or 
its dual "Hardy-Littlewood- Sobolev" form, is only known for d = 2, and due to Jerison 
and Lee [JL1,2]. 

Step II: Existence of a minimum for J . 

From now one we will denote the average of F G L 1 (S 2n+1 ) by 

F = -f F = — / F. 

J ^2n+l Js 2n + 1 



Proposition 3.3 (Provisional Beckner-Onofri's inequalities). For F e W Q / 2 ' 2 nRV 
we have 

j FA' Q F dt+fF- logj e F d( + C>0 (3.3) 
for some C > 0. If A > then for all F G W Q / 2 ' 2 and with L x = ^Cn + \ 2 /®Cti^ 



A n {\)j FL® /2 F d( + j F - logj e F d( + C x > 



(3.4) 



for some C\ > and with 



A n (X) 



1 



2(n+ 1)! 



(k + n-l)\ 



n+l 



(3.5) 



Proof. This is a standard argument based on the Adams inequalities (2.13) and (2.32) 
for the operators (A'q) 1 / 2 and L® /4 = (J C) Q ^n + V\C Q/ ^. If an inequality of type 



/ 



( \F-F\ 2 \ 
exp ^ | [rF ||2 j^C<Co 
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holds for one of the above operators T and for either W Q / 2,2 C\WP or F e W Q ^ 2,2 and with 
zero mean, then letting fx = B 1 / 2 {F — F), v = ^B~ 1 / 2 \\TF\\ 2 > and expanding (/z - z/) 2 > 
we get 

^ \\TF\\ 2 - log y e F -^C + log C > 
which implies (3.3) and (3.4). 

/// 

Remark. We note that (3.3) is valid with Pq/ 2 ^ n pl ace of A'q, where Pq/2 is an Y operator 
as in Prop. 2.3, with d = Q/2 and with kernel Hqo (i.e. the constants). 

From (3.3) we now know that J is a functional that is bounded below on W®' 2 ' 2 r\WP. 
The goal now is to show that the minimizing sequence is actually bounded on such space. 
The first key step is the following Aubin's type inequality, used in the Euclidean setting 
first by Onofri and Aubin and then by Chang- Yang: 

Proposition 3.4 (Aubin's type inequality). For given a > there exist constants 
Ci(a), C 2 (a) such that for any W Q ^ 2 n WP with f s2n+1 Q e F d( = for j = 1, 2..., n+1, 
the following estimate holds 



2(n 



j FA' Q Fd( +jFdC- logj e F d( + d(a) ||£^F|| 2 + C 2 (a) > (3.6) 



The proof below is an adaptation of the one in [CY], Lemma 4.6. We present it here 
because in our case there is an added difficulty, namely that the localization argument 
(multiplication by cutoff functions) inherent in the proof does not preserve the class V. 

Proof. Assume for the moment that F E W Q/2 > 2 , and WLOG assume that J g, 2 ™+i & F — 
<^2n+i- Cover S 2n+1 with 2(2n + 2) = 2Q congruent spherical caps, by considering a cube 
inscribed inside the sphere, with side L = 2/y / 2n + 2. By rotation we can assume that if 

i 

)1 fry, r- c2n+l . 



Q l Sl ={XE S 2U+l : «5i < X 2n +2 < 1}, ($1 < 



V2n + 2 
then 

Jci\ 2Q 

It's not hard to show that using the hypothesis J s2n +i X2n+2£ F = 0, if 

Q 2 2 = {xe S 2n+1 : -1 < x 2n+ 2 < -s 2 }, s 2 < ^ 
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then 



/ e F > 5 2 UJ 2n+1 . 

Jn 2 



(3.8) 



Let 4>i, 4>2 be cutoff functions such that < 4> 3 < 1 and 

( 1 on ffi 

4> j = 



on^+^^z, 

Consider the operator L\ = ^jCtv + X 2 ^Cn ± , so that from (3.4), (3.7) we obtain 
u ^+l<[ e F <e F [ e (F ~ F ^ <e F u 2n+1 -fe (F - F ^ 



2Q 



< uj 2n +ie e A exp 



A n (X) 4 (F - F)0iL? /2 (F - F)4>i + HF- F)^ 



(3.9) 



with A n {\) as in (3.5), and likewise, using (3.4) and (3.8) 



S 2 iv 2n+1 < u 2n+1 e F e Cx exp 



. (3.10) 



A n {\) j(F - F)<p 2 L® /2 (F - F)<p 2 + j(F - F)<f>, 
Now we claim that, for k an even integer and e > 

/ (F — F)4>jL k x (F — F)4>j — [^) k [ ^C^Ff-X^ [ ^C k / 2 F f 

<e [ (L h x /2 F) 2 + C(\,e) [ FC k - x F, (3.11) 



whereas if k is odd then 



{F - F)<j> jL \{F - F)^ - {I)' 



fc-i ,_,i2 



\V h >kC— F\ - 



(3.12) 



g2n + l 



o I I k-1 1 9 

£ \V H ^C— F\ 



< I (L k x /2 FY + C(A,e) / FL k ~ x F. 

' S 2n. + 1 JS 2 ^ 1 



1 5271+1 

_ A 2fc/Q /" 

Here Vh denotes the so-called horizontal gradient defined on complex valued functions as 

n+l 

V H F = J2(T j FT j + T j FT j ) 

3=0 

the Tj being the generators of Ti j o(5' 2n+1 ) defined in (1.3). Such gradient satisfies the 
identities 

n+l 



V H G ■ V^F = - s ^(T~GTjF + TjGTjF) 



3 = 1 
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/ GCF= [ V H G-V H F 

fc-i k 

Note that J s2n +i |V#L A 2 F\ 2 = J s2n+1 (L X F) 2 . The proof of these estimates is given in 
the appendix, but the gist of it is that one can commute 4>j with either the projection 
or L\, gaining one derivative of F. If n is odd, using (3.11) (with k = n + 1) we get for 
J = 0, 1 

/ {F-F)^L Q X /2 {F-F)^< I \{l) k {nC k ' 2 F) 2 + X 2k /Q(n ± C k / 2 F) 2 

Sj/2 

+ e [ (LfF) 2 + C(A,6)||£^F||i. 

Js 2n + 1 

Using these last inequalities in (3.9), (3.10) multipliying the resulting estimates out, and 
taking square roots we get 



Si F 
2Q~ e 6XP 



(±A n (A) + c) j FL Q X /2 F + d(A, e)||£^F||2 + C 2 (A) 



or 

(±A n (A) + e) y FL\F +j F + d(A, e) + C 2 (A) > 

for some constants Ci(A, e), C 2 (A). The case n even is the same, just use (3.12) rather 
than (3.11). 

Now, for given a > \ we can certainly find A, e so that \A n {X) + e = — — ^ , and 
specializing to F G W Q / 2,2 fl V we obtain 

y F (| £ )Q/VrfC +^FrfC + C^H^i^ + C 2 (a) > 0. 
Since on V we have (-£)^ 2 < we also obtain (3.6), under the condition j- e F = 1 

Ill 

We would like to make an important remark at this point. The very nature of the 
center of mass hypothesis in the above lemma makes it almost impossible to avoid the 
use of cutoff functions, in order to proceed with the localization argument; the authors 
were unable to conceive a different argument working exclusively inside the class V . This 
justifies our choice of the operator L\, which allows us to temporarily exit the space V . Our 
choice is not the only one. For example, in the same spirit as in [CY] one could try to use 
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the operator f £, i.e. L\ with A 4 /° = f . This operator satisfies / F( J £) Q/ V < / F.A'g.F 

for F in the Hardy space, however to make the argument work the Adams constant Aq / 2 

corresponding to , should satisfy 2Aq/ 2 > Aq/ 2 with Aq/ 2 as in (2.15). Using 

(2.34) we obtain 

A Q/ 2_ (f)" +1 y, (ifc + n-1)! 

which is less than 2 only for n = 1, 2 (in which cases one can indeed use —C to prove (3.6)), 
and seems to have exponential growth in n. 

The proof of the existence of the minimum for J can now proceed in more or less the 
same way as in [CY]. Let 

S = {F G W Q / 2 > 2 nWP : £e F d( = l, j (e F d( = 0} 

and let us prove that a minimum of J exists in <So- First note that for any F e W®/ 2,2 

there exists r G CON(5' 2n+1 ) such that J- (e FT = 0. The proof of this is the same as the 

corresponding statement in the Euclidean case (see e.g. [0],[CY1]). Next observe that 
minimizing J over 

w Q/2,2 n M p ig equ i va i en t to minimizing J over <So, byt the above fact 
and conformal invariance of J. 

Pick a minimizing sequence F k G S 0: with J[F k ] — > inf J. Let's first prove that 



Fk-A'qFk < C 2 + C l \\C—F k \\i (3.13) 

From (3.6), for a fixed | < cr < 1, 

J[F fe ] + C 1 (a)||£^ 1 F fe ||i + C 2 (a) > j F k A' Q F k 

and since F k is minimizing we obtain (3.13). Now let's prove that F k can be chosen so 
that 

WC^Fkh < C. (3.14) 

For this we use the Ekeland principle (see e.g. [DeF], Thm 4.4.) to ensure that J'[Fk] — > 
in W~ Q/2 ' 2 n WP, where J' denotes the Gateaux derivative of J. Thus, < J'[F k ],(j) >= 
f H k (j) with 

H k := A' Q F k - (n + 1)1 n(e Fk - 1) -> in W~ Q/2 ' 2 n MP 

i.e. 

F k -F k = (A'q)- 1 ^ + (n + l)!(^)- 1 7r(e Ffe - 1) (3.15) 
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If < 2a < Q, such as a = the operator ^4g£~ a / 2 7r, with eigenvalues (^k) a ^\Q(k), 
is of the type described by (2.10), (2.11), with d = Q — a, hence by Proposition 2.4 we 
have 

i£ a /V' Q )-Mc,^)i < cii - c-^r a/2 . 

So 



(s 2n + 1 ( 


7 ii-c-^r a/2 i 







<C(/ / |e Ffe(77) -l|^C) / / |1 -C-v\~ a \e Fk{v) - 1|<MC < C 
\Js 2ri + 1 JS 2 ™+ 1 / JS 2 ™+! Js 2 ^ 1 

2a < Q). On the other hand, looking at the eigenvalues of £ a / 2 (^4g) 1 

/ \C a l 2 {A , Q)~ 1 H k \ dC < C\\H k \\ 2 Va _ Q ^ < C\\H k \\ 2 v _ Q/2a < C 
Js 2 ^ 1 

since \\H k \\ w - Q/ 2,2 -> 0. All this with (3.15), 2a = Q - 1, and £ a/2 (F fc - F fc ) = £ a/2 F fc , 
proves (3.14). 

Finally, by Jensen's inequality F < and since J"[F fc ] — > inf J7" then 

\h\ = -/ft = -J[ft] + ^T)l/^«ft £ c + w L^J FkA ' Q F k < c 

by (3.13) and (3.14). From this we deduce 

y |F fc | 2 =y - F k \ 2 + \F k \ 2 < C\ ||£ Q / 4 F fc || 2 + C 2 < C 

and therefore the minimizing sequence is bounded in W®/ 2,2 . Now the standard argument 
goes like this: find a subsequence F k . converging in L 2 and pointwise a.e. to an Fq, and 
weakly in W®/ 2,2 . Clearly F e M.V, and from the Adams inequality as i — > oo, perhaps 
along another subsequence, 



Qe F \ j = 1,2..., 72+1 



(this is because e Ffe ; is bounded in L 2 , hence up to a subsequence it is weakly convergent, 
and its weak limit coincides with e a.e. ). Since^F fc Fq and J[F k ] converges, then 

also J- F k A'qF k converges, and by standard results its limit is > j- FqA'qFq, but it cannot 
be greater, since the sequence is minimizing for J . This shows that J[F k ] — > i7[-Pb] = 



inf J. 



51 



Step III: Characterization of the minimum. 



As in [CY] the problem of describing the minimum will be related to the first nonzero 
eigenvalue of a conformally invariant operator in the conformal class of the standard contact 
form, specifically the operator A'q(W) introduced in Prop. 1.3. According to Prop. 1.3, 
if W e C°°(S 2n+1 ) then A' Q (W) acting on W Q / 2 ' 2 n KP , with inner product (F, G) w = 
J FGW, have positive eigenvalues < \\{Q, W) < A 2 (Q, W) < ... (each counted with its 
multiplicity), and 

Ai(Q, W) = inf ( YT~^ » (f)eW Q/2 > 2 nRV, f (f)Wd( = ol (3.16) 
Note that ((j>,A' Q (j>) = (<j>, A' Q (W)<P) W . 

Proposition 3.5. Suppose that Tq G So is a minimum for J , then F e C°° (S 2n+1 ) and 
Ai(e Fo ) > (n+1)!. 

Proof. The function F must satisfy 



dt 



J[F + tcf>} = j ^( ^—^ A' Q F Q + (e Fo -1)^=0 v<pe w Q ' 2 > 2 nwp 



i.e. 2(n+iy. ^Q^ r ° + ^l 6 ^' — 1) = 0, from which and from (1.31) we easily deduce that 
F e C°°(5' 2n+1 ). On the other hand F must also satisfy 



dt 2 



?e F « > 



and from (3.16) we have Ai(e F °) > (n + 1)1. 

Ill 

The next result is a Hersch's type "isoperimetric" inequality for the first Q reciprocal 
eigenvalues. In the Euclidean case the inequality appeared first in [H] and it was later 
extended in [CY]. 

Notice that in our notation, when W = 1 on S 2n+1 we have 

A fc (Q,l) = Ai(Q) = (n + 1)!, k= l,2,....,2n+2 

since the bottom eigenvalue for A'q is (n + 1)! counted with multiplicity moi +niio = 2n + 2 
(see (1.8)), its eigenspace being generated by the coordinate functions d, £ n+ i and 

Ci> •••> Cn+l- 
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Proposition 3.6. For W G C°°(S 2n+1 ), W > and j W = 1 we have 



3 

In particular, 



2n+2 2n+2 

V - > V - = + = — (3 17) 

^ Xj(Q, W) ~ ^ Xj(Q, 1) Ai(Q) n! 1 ' 1 



Ai(Q,W r )<Ai(g,l) = (n+l)! (3.18) 
and equality holds in (3.17) or (3.18) if and only ifW = \ J T \ for some r G CON(S 2n+1 ). 



Proof. The proof of this uses the variational characterization of the sums of reciprocals 
(see [CY], or [Ban], (3.7)) 

2n+2 1 2n+2 , , 2n+2 , 

V 1 - max V mim*L - max V miMw ( 3 19 ) 

the maximum being over those <pj G W^l 2,2 fl R7 3 such that j- (pjW = j- (pjAqCpk = 0, for 

j, k = 1, 2n + 2, j ^ k. It's easy to see that the maximum is attained at 0i, </>2n+2 
if and only if each 0j is an eigenfunction of Xj(W). By conformal invariance of the eigen- 
values, we can assume that j~ CjW = 0, j = 1, ...,n + 1. Hence, choosing £j, ^ as <f>j in 
(3.19), and since 

(Q,A' Q C j ) = X 1 (Q) j \Q 2 dC= L ^X 1 {Q) 



we obtain 



2n+2 n+1 „ ^ 

E TTT^T * E f (IC/ + WW 2< " + 11 



j=i A,(g,H/) - Ax(Q)o; 2n+1 ^ J s ^ J J ' 7 v ' Ai(Q) 

which is (3.17). Equality in (3.17) implies that each Q, is an eigenfunction of Aq(W) 
with eigenvalue Ai(Q), which implies {(f>,A' Q (W)Ci) w = Ai(Q)(0,Ci) w for all G C°°(S 2n+1 ), 
but this means (0, Ci) = (0, Ci)w fo r au an d this implies = 1 on S 2n+1 . So if W has 
vanishing center of mass then equality holds if and only if W = 1, so if we start from any 
W by conformal invariance we have equality in (3.17) if and only if W is in the conformal 
orbit of the constant function 1, i.e. W = \J T \, some r. 



Estimate (3.18) follows from the monotonicity of the eigenvalues, and equality in 
(3.18) implies equality in (3.17). 

/// 
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To finish up the proof of Theorem 3.1, if F is a minimum for J then F G C°° {S 2n+1 ) 
and by the previous propositions Ai(e F °) = Xi(Q) = (n + 1)!, which is true if and only if 
e F ° = | J T \ for some r G CON(5' 2n+1 ), and this concludes the proof. 

4. The logarithmic Hardy-Littlewood-Sobolev inequalities 

In this final section we use the Beckner-Onofri inequality (3.1) to give a proof of (0.10), 
i.e. the CR version of the inequality due to Carlen and Loss in the Euclidean setting [CL]. 
The procedure is at this point fairly standard, see for example [Bee] and [Ok]. The proof 
below is essentially the one in [Ok] . 

Theorem 4.1 (Log HLS inequality). For any measurable G : S 2n+1 -> R, with G > 
and j-G = 1 we have 

(n+l)jj log ^ | G(0G( V )d(d V < j G log G d( (4.1) 

with equality if and only if G = \ J T \, some r G CON(5' 2n+1 ). 
In view of (1.31) the inequality (4.1) can be restated as 

^lj{G-l){A! Q )-\G-l)<jG\ogG (4.2) 

Just like the Euclidean case it is possible to state an equivalent result on the Heisenberg 
group, via the Cayley transform: 

Corollary 4.2 (Log HLS inequality on HP). For any measurable g : M n — > R with 
g > 0, / g = uj2n+i and / glog(l + \u\ 2 ) < oo we have 

(n+l)-f I log , _i 2 g{u)g{v)dudv < l g log g + log 2 (4.3) 

\V U\ Jjl" 

where + = — - — / . Equality in (4.3) occurs if and only if g = (\Jc\ ° h)\Jh\ for some 

JW 1 w 2n+l Jw 1 

h G CON(IF). 

Proof of Theorem 4.1. Let G G L 2 , with -j-G = 1 and let F = (n + l)!^)" 1 *^ G MP , 

so that 7t G = j^Yy A'qF, where 7r = n — J- is the projection on WPq. Using Beckner- 
Onofri 's inequality 
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j-G(A , Q )~ 1 G = \j-GF =fGF-^^jFA' Q F<-fGF-log-fe F . (4.4) 



(n + 1)! 
2 

Now use Jensen's inequality to deduce 



\ogje F = \ogje F - l °z G G> j (F -log G)G (4.5) 

and so we obtain (4.2). Moreover, equality in (4.2) implies equality in (4.4) and (4.5), 
i.e. (by Theorem 3.1) F = log|J T | some r G CON(S' 2n+1 ), and F — logG =constant, or 
G = C\ J T |; since G has mean 1, then we finally have G = \J T \ for some r. 

/// 



Proof of Corollary 4.2. First observe that if g : M n -> R and G : <S 2n+1 -> R are 

related by g = (GoC)\Jc\ then + G = 4- g = 1 (with the above convention on the average 

J JW 1 

on H n ). Moreover, since (l-C^I = 2"^tt | J c (u)\^ \ J c (v)\^ |u _1 tt| 2 (if C(u) = ( C(v) = rj) 
then 

{n+l)jj- log j^T^ G(C)Gfa)dC*7 - J- GlogG 
= (n+l)f f log ( 2^ \v~ x u\~ 2 \ J c {u)\~ ^ \ J c {v)\~ ^ ) g(u)g(v)dudv- 

- f g l ogg + f fi'ioglJd 

= (n+l)f f log , n , 2 g(u)g(v)dudv - f glogg - log 2. 

This identity easily implies the statement. The given integral condition on g is to guarantee 
that f g log g is finite if and only if J G log G is finite, where g and G are related as above. 

/// 

Note that with the same argument as in the proof of the Corollary above one can see 
that the log HLS functional (on S 2n+1 or H n ) is invariant under the conformal action. 
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5. Appendix 



A. Intertwining operators on S 2n+1 

In this appendix we give an explicit calculation of the spectrum of the intertwining 
operators Ad, as defined by (1.17); a consequence of this calculation will be formula (1.20) 
up to a constant, and a further calculation will yield the explicit constant given in (1.21). 
The proof below is inspired by the method used by Johnson and Wallach [JW] , but it is 
rather self-contained and uses no apparatus from representation theory, other than the 
knowledge of the zonal harmonics Qjk- We believe that our calculation is actually sligthly 
simpler than that in [JW], at least in our context. In [Br] and [BO0] there is another 
derivation of the spectrum of intertwining operators, again via the theory of spherical 
principal series representations of semisimple Lie groups (SU(n + 1, 1) in our case), and 
the results there are quite general. 

Proposition A.l. Suppose that an operator Ad (0 < d < Q) is intertwining, i.e. 

\J T \^r(A d F)or = A d (\J T \^r(For)), W G CON(5' 2n+1 ) (5.1) 

for each F G C°°(S 2n+1 ). Then Ad is diagonal with respect to the spherical harmonics, 
and for every Yjk G Ttjk 

AdXjk = cXj(d)X k (d)Y jk 

for some constant c G K. In particular, the operator Ad with eigenvalues Xj(d)Xk(d) is 
intertwining, and has fundamental solution 

2 n-| Y( Q- d ) 2 

A- d \C, V ) = c d d((, V ) d -Q, c d = • 

Proof. The fact that Ad is diagonal follows from Schur's lemma, and the irreducibility 
of the spaces Hjk- Suppose that Ad&jk = Xj^jk with A^fc = Xkj G K recall that 



if j < k, and $jfc(C, v) = ®jk(C' v) '■= ®kj((- ^), if ^ < j- From now on we choose rj = X 
and denote 

* i)Jfc (C- N) = * i)fc (z) = z k -*P$ n - 1 ' k - j \2\z\ 2 - 1), z = C- K= Cn+l 
so that still A d ^j,k = Xj,k^j,k- 
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Consider the family of dilations of H n , which on the sphere take the form 



r A (C) = T A (C',Cn + l) 



2AC 



l + Cn+l-A 2 (l-Cn+l) \ 



1 + Cn+1 + A 2 (l - Cn+l) ' 1 + Cn+l + A 2 (l - Cn+l) 7 

The Jacobian of the map is given by (with z = Cn+i) 



and 



Also, 



\Jt 



d_ 
dX 



2A 



l + z + A 2 (l-^) 



A=l 



\Jr x \ a/Q = ^Z + z). 



d 

dX 



T \(- = z z - 1 so that 



A=l 



A=l 



r>{n-l,k-j) 



{2\z\ 2 -l) + 



+ (k + z 2 )z k ~ j ~ 1 Pj n ~ 1 ' k ~ j \2\z\ 2 - 1) + 



(5.2) 



d 



+ 2{z + z){\z\'-l)z*->-^P} 



,(n-l,k-j) 



(2\z\ 2 -l). 



The above quantity is a polynomial in z, z , with highest order monomials that are multiples 
of z J z h+1 and z J+1 z k . The projection of (5.2) on Hj+i^QUj^+i gives, for fixed < 
j <k 



d_ 

dX 



\Jr x \ a/Q ^j,kOT x ) 



A=l 



= Az k ~ j ~ 1 P^ 1,k ~ j ~ 1 ' ) 



Hj+i,k®T~tj,k+i 

(2\z\ 2 - 1) + Bz k - j+1 P$ n - 1 ' k - j+1) (2\z\ 2 - 1) 



(5.3) 



and for j = k 



d 

dX 



A=l 



\Jr x \ a/Q (*3,kOT x ) 



Az p\ n - 1 ^{2\z\ 2 - 1) + BzPl n ~ 1A) 



(5.4) 



(2\z\ 2 -l) 



and the goal is to determine A and B. In order to do this we consider the case z real and 
z imaginary, and compare the coefficients of the highest order powers in (5.2) and (5.3); 
the formula we need here is that for a Jacobi polynomial of order j the coefficient of x° is 

j\ dxi j [X) 2J j\ T(j + a + p + 1) ' 
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For z real, a comparison of the coefficients of z k+j+1 from (A. 3) and (5.3), (5.4) gives 



T(k + j + n) T(k + j + n + l) T(k + j + n + l) 

-(a + k + j) = A , „ xtw , , — - + B — 



j\T(k + n) 



(j + l)\T(k + n) 



j\T(k + n + l) 



or 



* k + j + n „k + j + n 
a + k + j = A — VB 



j + 1 k + n 

On the other hand, if z is purely imaginary the same comparison yields 



(5.5) 



j\T(k + n) 



|fc _ J _ 1 £(fe + j + n+lj , fc _ 7 - +1 r(fc+j + n + l) 



(j + l)!r(fe + n) 



or 



. A k+j+nk+j+n 
k — j = —A r— : h i? 



J + l 



Solving (5.5) and (5.6) in A and B 



j + i 

ft + j + n ' 



5 



ft + n 



(1 + *) 



j!r(ft + n + 1) 
(5.6) 



ft + n 
k + j + n 



which means, for < j < k, 

\JrA a/Q ^ jk OT x ) 



d 

dX 



a 



+ 3 



j + l (a 



k + n 
k + j + n 



(5.7) 



i,fc+i- 



Differentiating in A the intertwining relation (5.1) applied to ^j,k i-e. 
(it's easy to see that differentiation in A commutes with Ad) and using (5.7) 



(Q + d \ j + l x /V + o! ,\ ft + n 

J ' \ 4 /ft + 7+n V 4 /ft+7+n 



J + l 



/Q + rf 



ft + 71 



J + l 



ft + j + n 
Q — d , \ ft + n 



+ ft) 



ft + j + n 



which implies 



Q+d , . 

\ — \ 4 X I 

Aj+i,fc - Aj,k Q _ d , ., 



A, 



+ j ' ; A '- A ^ • ft 
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Q+d , k 

Xn.k ft > j > 



and therefore 

, _, r(S±i + j) r(S±i + j) r(S±i + k) 
~ r(V + » - Ao '°r(V + i) r(V + *) ' 

The proof of the last statement follows from the fact that the convolution operator 
Bd with kernel d((,?]) d ~Q is intertwining, but with d replaced by —d: 

B d (\J T \^f (G o t)) = \J r \^r(B d G)oT 

which can be checked directly on the dilations, translations (and trivially rotations and 
the inversion), using formulas (1.15). 

From this and the previous calculations (which are valid also for — Q < d < 0) we 
deduce (note: Xj(— d) = Xj(d)~ 1 ) 

Now set j = k = 0, and by an elementary computation 

/ d(Cv) d - Q dv = 2^ [ \l-C-^d V = 2^ 2n+1 T (f^ 

so that 

r(f)r(f) r(%)r(*) i 



2^r(^) 2 2^r(V) 



B. Proof of (3.11) 



^ 2 ca- 



ll/ 



Let F have zero mean, and assume k even. We have L\ = (^ k nC k + X 2h ^n ± C k 1 
and (for G C°°) 

I 4,FL k x 4>F = (*)* j [n£ k /\<pF)} 2 + X 2k /Q f C^^F)} 2 (5.8) 

so let us first consider the first term. Using the definition of C we can write 

C k / 2 ((j)F) = cj)C k / 2 F + J2 ( Pi t i f 

i 

where the sum is finite, over a suitable set of multiindeces I = ...,ie}, £ < k, and 
where Tj = T[ x ...T[^ the Tj being either Tj or Tj, and 4>i a smooth function. Apply tv to 
this formula and square it; the leading term is (ix4>C k / 2 F) 2 , and the remainder terms are 
estimated using the following inequalities: 
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i) hG\\ 2 < \\Gh 

ii) \\TiF\\ 2 < C||£^F|| 2 , if I has length < k 

hi) ||7r£ fc / 2 FT 7 F||i < e\\nC k / 2 F\\ 2 + C{e)\\C^F\\l 

For ii) see for example [ADB], for an o.n. base of Ti o rather than the Tj. Observe 
that ii) is also valid for / empty, i.e. for || ^ || 2 , since F has zero mean. 
Thus we are reduced to estimate the last two terms of the identity 

J [n((t>C k / 2 F)] 2 = J (fin^^F) 2 + J ([7r,0]£ fc / 2 F) 2 + 2 J {y^]C k / 2 F^C k / 2 F 

where [tt, 4>] = ncf) — tpir. In order to do this we just have to justify that if Tj is as in 
(1.3) then the operator T = Tj[ir, 0] (and hence [tt, (j>]Tj) is bounded on 1? . This is 
a consequence of the famous Tl— theorem by David- Journe, in the context of spaces of 
homogeneous type (such as the CR sphere); see for example [DJS]. Indeed one can write 
down explicitly the kernel of such operator, using the Cauchy-Szego kernel, and check that 
it is a Calderon-Zygmund kernel, with Tl = T*l = 0. 

This given, we can easily estimate the second and third term with e||7r£ fc / 2 -F||| + 
C(e)\\L^~ FW?,. This takes care of the first term on the right-hand side of (5.8); to deal 
with the second term in (5.8), we argue exactly in the same manner. This shows (3.11) in 
case k even. 

For k odd, the proof of (3.12) is completely similar, except one has to start from 

„ h 1 k 4- 1 

J 7r£~2- (F(j))i{C^2~ (F(p). Using the same product rule as above and the commutator 
estimate, the leading term is given by 

J (firC^FirC^F = J (j) 2 \\/ h^C^ F\ 2 + J ttC^ {F^V h^V h^C^ 1 F 

and it's easy to see that the second term is bounded above by 

The remainder terms are estimated similarly. 

/// 



60 



References 



[Ad] Adams, David R. A sharp inequality of J. Moser for higher order derivatives, Ann. of 
Math. 128 (1988), no. 2, 385-398. 

[ACDB] Astengo F., Cowling M., Di Blasio B., The Cayley transform and uniformly bounded 
representations, J. Funct. Anal. 213 (2004), 241-269. 

[ADB] Astengo F., Di Blasio B., Sobolev spaces and the Cayley transform, Proc. Amer. 
Math. Soc. 134 (2006), 1319-1329. 

[Aul] Aubin T., Problemes isoperimetriques at espaces de Sobolev, J. Differential Geometry 
11 (1976), 573-598. 

[Au2] Aubin T., Meilleures constantes dans le theor erne d' inclusion de Sobolev et un theoreme 
de Fredholm non lineaire pour la transformation conforme de la courbure scalaire, J. 
Funct. Anal. 32 (1979), 148-174. 

[Ban] Bandle C, Isoperimetric inequalities and applications, Monographs and Studies in 
Mathematics, 7. Pitman (Advanced Publishing Program), Boston, Mass.-London, 
1980. 

[BGG] Beals R., Gaveau B., Greiner P.C, Hamilton-Jacobi theory and the heat kernel on 
Heisenberg groups, J. Math. Pures Appl. 79 (2000), 633-689. 

[Bee] Beckner W., Sharp Sobolev inequalities on the sphere and the Moser-Trudin- 
ger inequality, Ann. of Math. 138 (1993), 213-242. 

[BMT] Balogh Z.M., Manfredi J.J., Tyson J.T., Fundamental solution for the Q-Laplacian 
and sharp Moser-Trudinger inequality in Carnot groups, J. Funct. Anal. 204 (2003), 
35-49. 

[Br] Branson T.P., Sharp inequalities, the functional determinant and the complementary 
series, Trans. Amer. Math. Soc. 347 (1995), 3671-3742. 

[Brl] Branson T.P., Memo to Noel Lohoue, 1999. 

[BDR] Benson C, Dooley A.H., Ratcliff G., Fundamental solutions for powers of the Heisen- 
berg sub-Laplacian, Illinois J. Math. 37 (1993), 455-476. 

[BCY] Branson T.P., Chang S-Y.A., Yang P., Estimates and extremals for zeta function 
determinants on four-manifolds, Commun. Math. Phys. 149 (1992), 241-262. 

[BO0] Branson, T.P., Olafsson G., 0rsted B., Spectrum generating operators and inter- 
twining operators for representations induced from a maximal parabolic subgroup, J. 
Funct. Anal. 135 (1996), 163-205. 

[CL] Carlen E., Loss M., Competing symmetries, the logarithmic HLS inequality and 
OnofrVs inequality on S n , Geom. and Funct. Anal. 2 (1992), 90-104. 

[CT] Chang D.-C, Tie J., Estimates for powers of sub-Laplacian on the non-isotropic 
Heisenberg group, J. Geom. Anal. 10 (2000), 653-678. 



61 



[CQ] Chang S-Y.A., Qing J., The zeta functional determinants on manifolds with boundary. 
II. Extremal metrics and compactness of isospectral set, J. Funct. Anal. 147 (1997), 
363-399. 

[CY] Chang S-Y.A., Yang P., Extremal metrics of zeta function determinants on 4-manifolds, 
Ann. of Math. 142 (1995), 171-212. 

[CY1] Chang S.-Y.A.-Yang P.C., Prescribing gaussian curvature in S 2 , Acta Math. 159 
(1987), 215-259. 

[CoLul] Cohn W.S., Lu C, Best constants for Moser-Trudinger inequalities on the Heisenberg 
group, Indiana Univ. Math. J. 50 (2001), 1567-1591. 

[CoLu2] Cohn W.S., Lu C, Sharp constants for Moser-Trudinger inequalities on spheres in 
complex space C n , Comm. Pure Appl. Math. 57 (2004), 1458-1493. 

[C] Cowling M., Unitary and uniformly bounded representations of some simple Lie 
groups, Harmonic Analysis and Group Representations, C.I.M.E., Napoli: Liguori, 
(1982), 49-128. 

[DeF] de Figueiredo D.G., Lectures on the Ekeland variational principle with applications 
and detours, Tata Institute of Fundamental Research Lectures on Mathematics and 
Physics, 81. Published for the Tata Institute of Fundamental Research, Bombay; by 
Springer- Verlag, Berlin, 1989. 

[DJS] David C, Journe J.-L., Semmes S.,Operateurs de Calderon-Zygmund, fonctions para- 
accretives et interpolation, Rev. Mat. Iberoamericana 1 (1985), 1-56. 

[DvC] Demuth M., van Casteren J.M., Stochastic Spectral Theory of Selfadjoint Feller Op- 
erators, Birkhauser Verlag, Basel, 2000. 

[EMOT] Erdelyi A., Magnus W., Oberhettinger F., Tricomi, F.G., Higher Transcendental Func- 
tions, vol. 1, McGraw-Hill Book Co., New York, 1953. 

[Fol] Folland G.B., A fundamental solution for a subelliptic operator, Bull. Amer. Math. 
Soc. 79 (1973), 373-376. 

[Fo2] Folland G.B., Subelliptic estimates and function spaces on nilpotent Lie groups, Ark. 
Mat. 13 (1975), 161-207. 

[F] Fontana L., Sharp borderline Sobolev inequalities on compact Riemannian manifolds, 
Comment. Math. Helv. 68 (1993), 415-454. 

[FM] Fontana L., Morpurgo C, Adams inequalities in measure spaces, in progress. 

[G] Gaveau B., Principe de moindre action, propagation de la chaleur et estimes sous 
elliptiques sur certains groupes nilpotents, Acta Math. 139 (1977), 95-153. 

[Ge] Geller D., The Laplacian and the Kohn Laplacian for the sphere, J. Differential Geom. 
15 (1980), 417-435. 

[GJMS] Graham C.R., Jenne R., Mason L., Sparling G., Conformally invariant powers of the 
Laplacian, I: existence, J. London Math. Soc. 46 (1992), 557-565. 



62 



[Gr] Graham C.R., Compatibility operators for degenerated elliptic equations on the ball 
and Heisenberg group, Math. Z. 187, (1984), 289-304. 

[H] Hersch J., Quatre proprietes isoperimetrique de membranes spherique, homogenes, C. 
R. Acad. Sci. Paris Sr. A-B 270 (1970), A1645-A1648. 

[JL1] Jerison D., Lee J.M., The Yamabe problem on CR manifolds, J. Differential Geom. 
25 (1987), 167-197. 

[JL2] Jerison D., Lee J.M., Extremals for the Sobolev inequality on the Heisenberg group 
and the CR Yamabe problem, J. Amer. Math. Soc. 1 (1988), 1-13. 

[JW] Johnson K.D., Wallach N.R., Composition series and intertwining operators for the 
spherical principal series. I, Trans. Amer. Math. Soc. 229 (1977), 137-173. 

[L] Lieb E.H., Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, 
Ann. of Math. 118 (1983), 349-374. 

[KR1] Koranyi A., Reimann H.M., Quasiconformal mappings on the Heisenberg group, In- 
vent. Math. 80 (1985), 309-338. 

[KR2] Koranyi A., Reimann H.M., Foundations for the theory of quasiconformal mappings 
on the Heisenberg group, Adv. Math. Ill (1995), 1-87. 

[Ml] Morpurgo C.,The logarithmic Hardy-Littlewood-Sobolev inequality and extremals of 
zeta functions on S n , Geom. and Funct. Anal. 6 (1996) 146-171. 

[M2] Morpurgo C, Sharp inequalities for functional integrals and traces of conformally 
invariant operators, Duke Math. J. 114 (2002), no. 3, 477-553. 

[Mosl] Moser, J. A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20 
(1970/71), 1077-1092. 

[Mos2] Moser J., On a nonlinear problem in differential geometry, Dynamical systems (Proc. 
Sympos., Univ. Bahia, Salvador, 1971), 273-280. Academic Press, New York, 1973. 

[Ok] Okikiolu, K., Extremals for Logarithmic HLS inequalities on compact manifolds, 
|arXiv:math/0603717| , (2006). 

[O] Onofri, On the positivity of the effective action in a theory of random surfaces, Comm. 
Math. Phys. 86 (1982), 321-326. 

[OPS] Osgood B., Phillips R., Sarnak P., Extremals of determinants of Laplacians, J. Funct. 
Anal. 80 (1988), 148-211. 

[RS] Reed M., Simon B., Methods of modern mathematical physics. I. Functional analysis, 
Second ed., Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 
1980. 

[Sh] Showalter R.E., Hilbert space methods for partial differential equations, Monographs 
and Studies in Mathematics, Vol. 1. Pitman, London-San Francisco, Calif.-Melbourne, 
1977. 



63 



[St] Stanton N.K., Spectral invariants of CR manifolds, Michigan Math. J. 36 (1989), 



[Ta] Talenti G., Best constant in Sobolev inequality, Ann. Mat. Pura Appl. (0.4) 110 
(1976), 353-372. 

[Tr] Trudinger N.S., On imbeddings into Orlicz spaces and some applications, J. Math. 
Mech. 17 (1967) 473-483. 

[VK] Vilenkin N.Ja., Klimyk A.U., Representation of Lie groups and special functions. Vol. 
2. Class I representations, special functions, and integral transforms, Mathematics 
and its Applications (Soviet Series), 74. Kluwer, 1993. 

[Zhu] Zhu K., Spaces of holomorphic functions in the unit ball, Graduate Texts in Mathe- 
matics, 226. Springer- Verlag, New York, 2005. 



Thomas P. Branson (deceased) 
Department of Mathematics 
University of Iowa 
Iowa City, IA 52242 



267-288. 



USA 



Luigi Fontana 

Dipartimento di Matematica ed Applicazioni 
Universita di Milano-Bicocca 
Via Cozzi, 53 
20125 Milano - Italy 

luigi . font ana@ unimib . it 



Carlo Morpurgo 
Department of Mathematics 
University of Missouri, Columbia 
Columbia, Missouri 65211 
USA 

morpurgoc@missouri.edu 



64 



